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Chapter 1
INTRODUCTION



2 Introduction

Repeatedly administered multi-item questionnaires are often used to de-
termine the development of patient’s health status over time. Examples are
questionnaires on quality of life, low back pain, depression, and anxiety. The
different items of the questionnaire are assumed to measure the same under-
lying construct. In analyzing the patient’s responses to the items of the questi-
onnaire a summary score is composed over the items of the (sub)scale using
a measurement model. In medical and epidemiological research, researchers
often use Classical Test Theory (CTT) as construct scores (i.e. sum scores
are calculated as summary score). After calculating the scores, a structural
model is used to calculate the effects. For example, when analyzing longitudi-
nal questionnaire data the structural model can entail multilevel analysis, time
series analysis, repeated measures ANOVA, or a latent growth model.

When bias is introduced in the construct scores, results of the structural
model will be biased subsequently. In this thesis, the influence of introducing
bias in score construction according to the most often used CTT-method (sum
scores) compared to scores constructed according to Item Response Theory
(IRT) is investigated. The influence of measurement model choice on the ef-
fect estimates of the structural model is investigated in several longitudinal
questionnaire situations.

This thesis contains extensive simulation studies as well as data examples
from a range of research area’s within epidemiological and medical research.
The findings that are presented are not restricted to the field of medical and
epidemiological studies. Research area’s where repeatedly administered ques-
tionnaires are used for measurement are potentially prone to the bias that is
introduced by using sum scores.

1.1 Measurement model

In medical and epidemiological research, questionnaire data is often analyzed
using CTT in the following way. Scores are attached to the different response
categories per item. For example, consider a five item questionnaire on anxi-
ety.

1. Are you feeling restless? � No � Yes

2. Are you feeling anxious? � No � Yes

3. Do you have trouble relaxing? � No � Yes

4. Are you worrying to much? � No � Yes

5. Are you irritable? � No � Yes

In this example, the answer ”Yes” will be given the score 1 and ”No” will be
given the score 0. Next, the scores are summed over all the items of the
questionnaire. These sum scores are the CTT estimates for the scores on the
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construct (i.e. anxiety).
In IRT modeling, all information from the individual response patterns is

used to estimate scores for the construct (i.e. anxiety). The construct scores
are assumed to be a function of the item responses and the properties of the
items and can be modeled using an item characteristic curve. Item properties
are the difficulty of the item and the ability to discriminate between patients
with different construct scores. In terms of the anxiety example, when the
level of anxiety in the patient is high, the probability of answering ”Yes” to a
difficult item is high, and the probability that the patient answers ”No” is low. If
the patient’s level of anxiety is low, there will be a low probability of answering
”Yes” to the difficult item for this patient. The discrimination parameter can be
interpreted as the ability of the item to discriminate between patients with dif-
ferent levels of anxiety. The construct scores (anxiety) are connected with the
observed item scores through the item characteristic curves (ICC) that mo-
del the probability of observed item responses. For a dichotomous item, an
ICC would look like the plot in Figure 1.1. The ICC (dotted line) represents

Figure 1.1: Item characteristic curve for a dichotomous item. The probability
of choosing ”Yes” over ”No” increases with a higher construct score.

the probability of choosing the category ”Yes” over the category ”No”. With
the increasing probability of answering ”Yes” (y-axis), the score for this patient
on the construct (x-axis) will become higher. This means that patients with
a higher construct score have a higher probability of answering ”Yes” to the
item. Different items are allowed to have different item characteristic curves
depending on their properties. Items can vary in the location on the construct
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(difficulty parameter) and in the steepness of the curve (discrimination para-
meter). The functional form of the two parameter logistic model (e.g. Lord
et al., 1968; Embretson and Reise, 2000; Fox, 2010) is given by,

P (Yik = 1|θi, ai, bi) =
exp(akθi − bk)

1 + exp(akθi − bk)
, (1.1)

where the probability that the response Yik of patient i with construct score θi
is ”Yes” (Yik = 1) on item k with item difficulty parameter bk, and discrimination
parameter ak.

An important issue of the CTT score is that it is an aggregate score, ig-
noring the information on which answers were given to the items. Consi-
der for example administering the anxiety questionnaire with 5 dichotomous
items. The patient can answer ”Yes” to 3 out of the 5 questions in 10 different
ways. The possible response patterns increase exponentially with the increa-
sing length of the questionnaire. The sum scores are known to be a sufficient
statistic in the case where all items have the same discrimination parameter
(as is the case in the Rasch model (Rasch, 1960) and the partial credit mo-
del (Masters, 1982)) when data are measured on one measurement occasion
(Andersen, 1977). When discrimination parameters are not equal, different
scores are generated for different response patterns. Different response pat-
terns leading to the same sum score will be attributed different scores. In
the research described in this thesis the focus is on longitudinal data where
the same questionnaire is measured multiple times and observations are no
longer independent. The dependency between the responses of individual pa-
tients needs to be taken into account when constructing the scores. Different
scores are generated for different response patterns. For different response
patterns that lead to the same sum score, different scores will be generated,
depending on the item parameters and the longitudinal dependencies.

An important problem with CTT is that the standard error of measurement
is assumed to be the same for all patients (unless parallel tests are available for
each patient). However, it is more likely that different subjects are measured
with different precision. In CTT, when repeatedly measuring different patients
it is most unlikely that the variability in scores across repeated measurements
would be exactly similar across patients. Using longitudinal IRT this variability
is taken into account when scores are constructed.

When a response pattern is rarely observed (an extreme pattern under
the model), there is more uncertainty associated with the score compared to
a more frequently observed response pattern. The rare response pattern is
less likely to be observed. This lower likelihood leads to more uncertainty then
response patterns that are more often observed. When repeatedly measuring
patients using questionnaires it is more likely that patients that have a rare res-
ponse pattern show more variability in their scores compared to patients that



4 Introduction

(difficulty parameter) and in the steepness of the curve (discrimination para-
meter). The functional form of the two parameter logistic model (e.g. Lord
et al., 1968; Embretson and Reise, 2000; Fox, 2010) is given by,

P (Yik = 1|θi, ai, bi) =
exp(akθi − bk)

1 + exp(akθi − bk)
, (1.1)

where the probability that the response Yik of patient i with construct score θi
is ”Yes” (Yik = 1) on item k with item difficulty parameter bk, and discrimination
parameter ak.

An important issue of the CTT score is that it is an aggregate score, ig-
noring the information on which answers were given to the items. Consi-
der for example administering the anxiety questionnaire with 5 dichotomous
items. The patient can answer ”Yes” to 3 out of the 5 questions in 10 different
ways. The possible response patterns increase exponentially with the increa-
sing length of the questionnaire. The sum scores are known to be a sufficient
statistic in the case where all items have the same discrimination parameter
(as is the case in the Rasch model (Rasch, 1960) and the partial credit mo-
del (Masters, 1982)) when data are measured on one measurement occasion
(Andersen, 1977). When discrimination parameters are not equal, different
scores are generated for different response patterns. Different response pat-
terns leading to the same sum score will be attributed different scores. In
the research described in this thesis the focus is on longitudinal data where
the same questionnaire is measured multiple times and observations are no
longer independent. The dependency between the responses of individual pa-
tients needs to be taken into account when constructing the scores. Different
scores are generated for different response patterns. For different response
patterns that lead to the same sum score, different scores will be generated,
depending on the item parameters and the longitudinal dependencies.

An important problem with CTT is that the standard error of measurement
is assumed to be the same for all patients (unless parallel tests are available for
each patient). However, it is more likely that different subjects are measured
with different precision. In CTT, when repeatedly measuring different patients
it is most unlikely that the variability in scores across repeated measurements
would be exactly similar across patients. Using longitudinal IRT this variability
is taken into account when scores are constructed.

When a response pattern is rarely observed (an extreme pattern under
the model), there is more uncertainty associated with the score compared to
a more frequently observed response pattern. The rare response pattern is
less likely to be observed. This lower likelihood leads to more uncertainty then
response patterns that are more often observed. When repeatedly measuring
patients using questionnaires it is more likely that patients that have a rare res-
ponse pattern show more variability in their scores compared to patients that

1.2. Score construction 5

have a more common response pattern. In IRT it is taken into account that rare
response patterns often show more variability across repeated measurements
compared to the more frequently observed response patterns.

1.2 Score construction

In CTT modeling, sum scores are used as construct scores. In IRT mode-
ling, the construct scores (location on the latent trait) are calculated using
a patient’s response pattern in conjunction with estimated item parameters.
Throughout this thesis, the plausible values technology is used to generate
IRT scores. Plausible values technology is based on Rubin’s (1978) theore-
tical work on missing data. The technology is further applied by Mislevy and
colleges (Mislevy, 1991; Mislevy et al., 1992; Beaton and Allen, 1992; von Da-
vier et al., 2009) in large-scale educational assessments. A plausible value for
a patient is a drawn from the (posterior) distribution of his/her location on the
latent variable, given their response pattern and all additional information that
is available about that patient (Marsman et al., 2016). Multiple draws (imputa-
tions) are made for each person and stored for further analysis.

The sum scores show a high correlation with IRT scores, usually above
.95 (de Vet et al., 2005, pp. 89). However, the high correlation between sum
scores and IRT scores does not imply that the scores are directly comparable.
To illustrate that highly correlated variables can be very different, two pairs of
highly correlated variables are generated. In Figure 1.2, two simulated pairs
of variables are shown with a correlation of .98. The scatter plots in Figure

Figure 1.2: Variable pairs with a correlation of .98.

1.2 show that even highly correlated variables can be quite different. The y1
variable in the left plot shows a ceiling effect, and the y2 variable in the right
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plot shows a floor effect, whereas the x1 and x2 variables are evenly spread
over the whole scale. Despite these differences, the correlations between x1
and y1 and between x2 and y2 are very high. When comparing IRT and CTT
scores, these differences are present, despite the high correlations.

The differences between the IRT and CTT scores in the longitudinal case
are very real, and have their effect on the parameter estimates of the structu-
ral model. The main reason that the scores are different is that item response
data have a multilevel structure displaying variation between patients and va-
riation in responses for each patient. The between person variance is high for
the IRT scores since scores with a similar sum score can be different. In CTT,
the multilevel structure of the item response data is ignored since a sum score
is calculated separately per patient per measurement occasion, resulting in an
underestimation of the between person variance. The differences were found
using a simultaneous estimation method for a hierarchical longitudinal model,
where the measurement model (IRT or CTT) defines the level-1 part of the
model and the structural longitudinal component the higher-level part. When
only focusing on the differences between scores (IRT versus CTT), then dif-
ferences will be small. The sum score resembles the IRT score under the
Rasch model and for more advanced IRT models score differences are expec-
ted to be small. In a two-step estimation method, where the outcome variable
is the estimated construct score under IRT or CTT, differences in parameter
estimates are expected to be small.

1.3 Structural model

After the scores are constructed using either the IRT or CTT measurement
model, the structural model is applied to calculate effects and test research
specific hypotheses. In this thesis, the focus is on longitudinal data, where
the dependent variable is measured on multiple occasions. A common re-
search question in longitudinal studies is whether there is development in the
outcome variable over time. For example: ”What trends can be observed in
patient’s anxiety scores over time?”. Also, the effects of independent variables
on the development of the outcome variable are often subject of investigation.
For example, ”What is the influence of physical health and work related stress
on the trends in patient’s anxiety scores over time?”. In this type of research,
data are not independent, as patients are repeatedly administered and obser-
vations are subsequently nested within patients. Multilevel analysis deals with
the nested structure of the data. The multilevel model will be used throughout
this thesis as the structural model.
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1.4 Comparing IRT and CTT based estimates

In order to compare IRT and CTT scores and their influence on the parame-
ter estimates of the structural model, scale differences need to be addressed.
The sum scores from the CTT model lie on a different scale compared to the
IRT latent variable scores. The CTT scale depends on the response category
values and the length of the questionnaire whereas IRT scores are operatio-
nalized on a latent scale that is usually set to have a normal distribution with
mean 0 and standard deviation 1. The problem of unequal scaling proved to be
a challenging problem that needed to be solved in order to be able to compare
the IRT and CTT model. The straightforward solution we propose in Chapter
2 is to use plausible values for both the IRT and CTT measurement model,
and use a linear transformation to obtain scores on the same scale (Gorter
et al., 2015). When using this transformation, results from the structural model
using IRT or CTT scores can be compared directly. This feature is used in
the simulation studies as well as in the real life data examples throughout this
thesis to show directly the influence of measurement model choice in terms of
differences in the parameter estimates of the structural model.

1.5 Outline of the Thesis

This thesis consists of four papers that together give an insight in the effects of
measurement model choice in longitudinal questionnaire data analysis. The
main focus of this thesis is to show why the IRT measurement model is pre-
ferred over the CTT measurement model when using construct scores in se-
condary analysis. The performance of both models is evaluated in different
situations by means of simulation studies as well as real life data examples.
In addition, an extended multilevel IRT model for higher order factor analysis
is presented. Since the chapters are stand alone papers, they can be read
separately from each other and some inconsistency in notation and overlap in
the text may occur.

In Chapter 2, a method is presented for direct comparison of IRT and sum
score based structural parameters estimates. IRT and CTT scores lie on dif-
ferent scales which complicates the direct comparison of the structural model
parameter estimates. By using the re-scaled plausible values method, a di-
rect comparison is possible. In a simulation study, the results based on the
IRT and CTT model are compared in terms of bias and MSE of the within and
between person variance estimates. The influence of deviations of the score
distribution from normality as well as the number of items and the number of
patients in the sample are investigated. In the simulation study we show that
the bias in the structural model parameter estimates is much lower when IRT
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scores are used compared to when CTT scores are used. Furthermore, an
application of both models to a real-life data example is presented.

In Chapter 3, the comparison between IRT and CTT modeling is exten-
ded to the latent growth modeling context. The estimated individual trajec-
tories that represent change over time are compared between IRT and CTT.
Different simulation conditions are explored with linear and quadratic growth
terms. The choice for either the IRT or the CTT measurement model impacts
the estimates of the latent growth models. The IRT based trajectories show
a more detailed description of individual change over time compared to the
CTT based trajectories. The findings of the simulation study are illustrated
in two applications to real life data situations. The first example describes the
symptom development of patients with chronic obstructive pulmonary disease.
The second example describes the coping strategies of patients with low back
pain and the influence of different treatments on the longitudinal development
of coping strategies.

In Chapter 4, an extended comparison is presented for analyzing rando-
mized controlled trial (RCT) data. The methodology that was developed in
Chapter 2 was applied to an empirical RCT setting. To analyze the data, time
and treatment effect indicators were added to the structural model as covari-
ates. The chapter starts with the analysis of an empirical RCT dataset on the
treatment of low back pain. The properties of this specific example are sub-
sequently used in the simulation study, where the settings mimic the real data
features. The main finding of this chapter is that the bias in RCT results was
conditional on the measurement model that was used to construct the scores.
A bias in estimated trend effects was found when sum scores (CTT scores)
were used, where IRT showed negligible bias. When trial data is analyzed,
the use of sum scores leads to incorrect results.

In the previous Chapters, the comparison between IRT and CTT has been
restricted to completely observed data. In Chapter 5, the latent growth model
analysis is extended to the case where missing item responses occur. A novel
imputation strategy is implemented in order to ensure the direct comparison
between IRT and CTT. The effect of item missingness on latent growth para-
meter estimates is examined in repeatedly measured questionnaire data with
dichotomous items. IRT modeling is presented as a sound method to handle
item missingness in longitudinal questionnaire data analysis. Three different
simulation studies have been carried out. In simulation study 1, the compa-
rison between the CTT model using predictive mean matching on the wide
dataset was shown to cause severe bias in the parameters of the structural
model. In simulation study 2, a new method for imputing the missing data
under the CTT model was developed using a probit model. CTT showed sub-
stantial bias compared to IRT, despite the enhanced imputation method. In
the third simulation study, the robustness of the imputation models is tested
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by relaxing the missing at random assumption. The findings of the simulation
studies are illustrated using a real life data example on coping mechanisms in
patients with low back pain.

In Chapter 6, a higher order multidimensional IRT model is presented that
offers new possibilities for analyzing longitudinal questionnaire data.

This dissertation concludes with a discussion and some directions for fu-
ture research in Chapter 7.



10 Introduction



10 Introduction

Chapter 2
METHOD FOR COMPARING
IRT AND CTT

11

Chapter 2
METHOD FOR COMPARING 

IRT AND CTT



12 Method for comparing IRT and CTT

Abstract

Multi-item questionnaires are important instruments for monitoring health in
epidemiological longitudinal studies. Mostly sum-scores are used as a sum-
mary measure for these multi-item questionnaires. The objective of this study
was to show the negative impact of using sum score based longitudinal data
analysis instead of Item Response Theory (IRT)-based plausible values. In a
simulation study (varying the number of items, sample size, and distribution of
the outcomes) the parameter estimates resulting from both modeling techni-
ques were compared to the true values. Next, the models were applied to an
example dataset from the Amsterdam Growth and Health Longitudinal Study
(AGHLS). The results show that using sum-scores leads to overestimation
of the within person (repeated measurement) variance and underestimation
of the between person variance. We recommend using IRT-based plausible
value techniques for analyzing repeatedly measured multi-item questionnaire
data.

Adapted from: Gorter, R., Fox, J.-P., & Twisk, J. (2015). Why Item Response Theory
should be used for longitudinal questionnaire data analysis in medical research. BMC Medical
Research Methodology, 15(55).
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2.1 Background

In the field of medical epidemiological research, multi-item questionnaires are
often used to measure the development of a subject’s health status over time.
The resulting item observations are used as measurements of a continuous
latent variable (i.e. a variable that is not directly observable). Examples of
latent variables are health related quality of life (Lin et al., 2014; Marrero et al.,
2014), and depression (Pronk et al., 2014). A measurement model is required
to describe the relation between the observed categorical item responses (for
example, likert items with four answering categories: agree / slightly agree /
slightly disagree / disagree) and the continuous latent variable.

To make statistical inferences about longitudinal measurements of the la-
tent variable a statistical model is required that describes the development of
the latent variable over time, while addressing the typical correlations between
measurements of one person. The central question is how to measure the la-
tent variable given the response data, and how to perform the longitudinal data
analysis given the measured variables. In longitudinal designs, the data has a
nested structure; i.e. repeated measurements are nested within the subjects.
Due to the nested structure, the common independence assumptions between
measurements do not hold and neither linear/logistic regression nor analysis
of variance can be used in a straightforward way (Bryk and Raudenbush, 1987;
Goldstein, 1987; Kreft et al., 1994; Twisk, 2013, 2006). A multilevel model can
be used to model the dependencies when there are multiple measurements
nested within participants (Tuerlinckx et al., 2006). This multilevel modeling
approach will be referred to as structural modeling to explore differences in
longitudinal analyses with sum-scores and IRT-based scores as estimates for
the latent variable.

Two fundamental theoretical frameworks can be used to measure latent
variables given the repeatedly measured response data. Historically, there is
classical test theory (CTT), where sum-scores are the estimates of the latent
variable. The other, theoretically more advanced framework is item response
theory (IRT) where items are used to construct scores for the latent varia-
ble. Under CTT, item differences are ignored and sum-scores have a common
measurement error variance across subjects. Under IRT, different scores are
assigned to the different response patterns leading to the same sum-score,
making it possible to distinguish between the latent variable scores of subjects
with similar sum-scores. The lower level item response patterns combined with
the population (longitudinal) model in IRT are more informative about the latent
variable than higher-level aggregated sum-scores, which ignore differences
between response patterns leading to equal sum-scores. Another advantage
of IRT is that the distribution of the latent variable can address skewness of the
population distribution. In most epidemiological studies however, a symmetric
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latent variable population distribution is not present (Kim et al., 2014; Golubic
et al., 2014). Despite the known benefits of IRT, epidemiological researchers
are still using sum-scores (Leach et al., 2014; Najman et al., 2014; Astell-Burt
et al., 2014; Jarvik et al., 2014) as estimators of the latent variable.

The measurement error associated with latent variables is usually ignored
in the structural model when using sum-scores with equal amounts of mea-
surement error for all scores on the latent variable. The parameter estimates
of the structural model will be biased (Fox, 2005) consequently. To address the
uncertainty associated with the measurements, the plausible value technology
(Mislevy, 1991; Fox, 2003; von Davier et al., 2009; Glas et al., 2009; Mar, 2011)
can be used. In plausible value technology, several draws (mostly five (Rubin
and Schenker, 1986)) from the posterior distributions of latent variable scores
for each person are used as latent variables in the structural model. The re-
sults from the structural model are pooled for all draws to obtain parameter
estimates. Plausible value technology can be used to address directly the ne-
gative implications of using sum-scores as measurements of latent variables,
while making the comparison with IRT-based plausible values.

The objective of this paper is to stress the important differences between
IRT and CTT for latent variable modeling in different situations and show why
IRT measurement models should be used in longitudinal research. As a case
study in epidemiological longitudinal data, the repeatedly measured trait anxi-
ety questionnaire from the Amsterdam Growth and Health Longitudinal Study
(AGHLS) (Wijnstok et al., 2012) is used.

2.2 Methods

2.2.1 Structural model for longitudinal latent variables

A structural model (also known as latent regression model) describes the re-
lationships between predictors and latent variables while addressing additio-
nal dependencies between the repeatedly measured latent variables. A well-
known method to account for the nested structure of longitudinal data is multil-
evel modeling (or mixed modeling, random effects modeling, hierarchical linear
modeling) as the structural model. Advantages of using multilevel modeling for
longitudinal data analysis are that it is not necessary that subjects are mea-
sured on the same time points nor do follow up times need to be uniform.
Furthermore, the model is capable of handling time-invariant and time-variant
covariates. Also, it is possible to estimate subject-specific change across time.
The following multilevel model will be considered,
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θij = β0j + eij

βj = γ + uj (2.1)

where θij is the latent variable location of person j for measurement occa-
sion i, βj is the random intercept representing the average latent variable lo-
cation, γ, of person j over measurement occasions and the error term uj ; both
error terms are normally distributed with eij ∼ N(0, σ2), and uj ∼ N(0, τ2).
The variance parameter τ2 of the multilevel model is the variance between per-
sons (i.e. level-2 variance) whereas σ2 is the repeated measurement variance
(i.e. the variance of the measurements within person; level-1 variance).

2.2.2 Measurement part of the model

To estimate the latent variable θij that is used in the structural model as descri-
bed in Equation (2.1), CTT or IRT-based methods can be used. (Lord et al.,
1968, pp. 44) describe the basic equation for the composition of the observed
score, Xgij , for the latent variable, Tgij for person j on measurement occasion
i on questionnaire g as

Xgij = Tgij + Egij (2.2)

where Tgij is the true score, and Egij the error of measurement. The ob-
served score consists of the true score and the error of measurement, which
is assumed to be unbiased. When making this assumption about the mea-
surement error, numbers can be attached to the answering categories of the
items and summed over all items of the questionnaire. Then, a test score (i.e.,
sum-score) can be defined as

θij_CTT =

K∑
k=1

Xkij (2.3)

where the response pattern for person j on measurement occasion i is
given by (X1ij , ..., XKij), and where K represents the number of items in the
questionnaire. These sum scores are the CTT estimates for the latent variable
and used as outcome variable in the longitudinal analysis (i.e. the structu-
ral model). There are two main problems with this way of quantifying latent
variables. The first issue is that the characteristics of the test and the sub-
ject are inseparable, i.e. they cannot be interpreted without the other, which
makes sum-scores population dependent. The second problem is that the
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standard error of measurement is assumed to be the same for all subjects, alt-
hough some sum-scores are more informative about the latent variable than
others. That is, it is much more likely that different subjects are measured with
different precision. For example, extreme high or low sum-scores are more
unreliable compared to average sums scores, meaning that the extreme sum-
scores are less likely to distinguish between the subjects than the sum-scores
in the middle of the scale. The item response patterns are more informa-
tive about the latent variable than the aggregated sum-scores, which ignore
differences between response patterns leading to the same sum-score. For
example, when answering ”yes” to 10 out of 20 dichotomous items (1 = ”yes”,
0 = ”no”), the sum-score of 10 can be obtained in 20!/(10! · 10!) = 184, 756
ways. Under IRT different scores are assigned to the different response pat-
terns all leading to the same sum-score, making it possible to distinguish the
scores of respondents with similar sum-scores.

Using IRT modeling is an accepted way to account for the differences in
measurement precision between persons (van Nispen et al., 2010, 2007; Fox
and Glas, 2005; Verhagen and Fox, 2013; Reise, 2000) and can be used
to estimate scores for the latent variable. In IRT, the relation between the
unobserved latent variable and the observed item scores are described by
item characteristic curves that model the probability of observed item respon-
ses.Figure 2.1 depicts an example of item characteristic curves for an item
with four response categories where the probabilities of choosing a certain ca-
tegory are plotted against the latent variable. The item that was used for this
example was ”I feel nervous and restless” with answering categories ”1. Al-
most never”, ”2. Sometimes”, ”3. Often”, and ”4. Almost always”. The crossing
of two lines marks a threshold and can be interpreted as the location of the
latent parameter where the probability of choosing the corresponding category
or higher is .5.

An IRT model describes the relationship between latent variables and the
answers of the persons on the items of the questionnaire measuring the latent
variable (Fox, 2007). For ordered response data, the probability that an indivi-
dual indexed ij with an underlying latent variable θij , responds into category
c (c = 1, ..., C) on item k is represented by

p
(
yijk = c|θij , ak, τk

)
= φ

(
akθij − τkc−1

)
− φ

(
akθij − τkc

)
(2.4)

where τkc are the Ck − 1 threshold parameters. The probability that the
response yijk falls into category c is the difference of the probability densities
(φ) of category c− 1 and category c. The response categories are ordered as
−∞ ≤ τk1 ≤ τk2 ≤ τk3 ≤ ∞. This item response model is called the graded
response model (Samejima, 1969) (or ordinal probit model (Fox, 2007; Em-
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Figure 2.1: Item category response characteristic curves for item 2 from the
STAI-DY with four answering categories.

bretson and Reise, 2000)). A Rasch (Rasch, 1960; Pastor, 2006) restriction
was used fixing the discrimination parameters, ak, to one.

2.2.3 Computing and generating IRT- and CTT-based scores

Different methods exist for generating values for the latent variable in the IRT
framework. The first way is to generate point estimates of the latent variable
modeled by the IRT model by constructing the posterior distribution of the
latent variable given the data. An important assumption of IRT modeling is
conditional independence, which entails that response probabilities for items
rely solely on the latent variable, θij , and the item parameters. As a result,
the joint probability of a response pattern yij , given the latent variable θij ,
of a person j on measurement occasion i, and given the item parameters,
over the K items of the questionnaire is the product of the probabilities of
the individual answers of a person on all items of the questionnaire given this
person’s position on the latent variable θij (Equation 2.5).

p
(
yij |θij

)
= p

(
yij1|θij

)
p
(
yij2|θij

)
...p

(
yijK |θij

)

=
K∏
k=1

p
(
yijk|θij

) (2.5)

When assuming a prior distribution for the latent variable distribution, g(θij),
a posterior mean can be derived from the posterior
p(θij |yij = p(yij |θijg(θij)/p(yij), where the posterior is derived according to
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Bayes’ rule (Bayes, 1763). The posterior mean can be used as an estimate of
the latent score. When using the posterior mean as an estimate of the latent
score and thus as an outcome variable in the structural model, the uncertainty
associated with the score is ignored.

To account for this uncertainty, plausible value technology is used (von
Davier et al., 2009; Glas et al., 2009; Asparouhov and Muthén, 2010; Rubin
and Schenker, 1986) where the latent outcome variable is treated as missing
data. Plausible values are generated from the posterior distribution of the
latent variable to obtain a complete data set. This data set can be analyzed
in the secondary data analysis. When constructing the posterior of the latent
variable, all available information is used. The posterior is proportional to the
likelihood times the prior, which can be represented by

p
(
θij |yij , σ

2, τ2, γ
)
∝ p

(
yij |θij

)
p
(
θij |σ2, τ2, γ

)
(2.6)

The structural model parameters are integrated out such that the (margi-
nal) posterior of the latent variable only depends on the response pattern. This
marginal posterior is only dependent on the data, in this case upon the data
of subject j on occasion i. We sample from the marginal distribution in or-
der to obtain plausible scores for subjects with similar response patterns and
background characteristics as in the sample of subjects (Mislevy, 1991; Mar,
2011).

For the CTT model, the sum score defined in Equation 2.3 is considered
to be an unbiased estimate of the true score. This true score is considered to
be an outcome of the multilevel model in Equation 2.1. When assuming the
CTT model for the measurement of the construct score, according to Equation
2.2, the distribution of the observed scores given the true score is given by
p(yij |θijCTT ). Subsequently, the posterior distribution of the true score is given
by

p
(
θijCTT |yij , σ

2, τ2, γ
)
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)
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θijCTT |σ

2, τ2, γ
)

(2.7)

Parallel measurements are needed to estimate the true score (error) va-
riance, but they are usually not available. When the measurement error va-
riance cannot be estimated under the CTT model, the first term on the right-
hand side is not included in defining the posterior distribution, and an unbiased
estimate of the true score is assumed. However, the measurement error can
still be assumed to be included in the multilevel model specification (i.e., the
second term on the right-hand side). In that case, the population variance is
used as an approximation of the subject-specific measurement error variance
(Lord et al., 1968, pp. 155).



18 Method for comparing IRT and CTT

Bayes’ rule (Bayes, 1763). The posterior mean can be used as an estimate of
the latent score. When using the posterior mean as an estimate of the latent
score and thus as an outcome variable in the structural model, the uncertainty
associated with the score is ignored.

To account for this uncertainty, plausible value technology is used (von
Davier et al., 2009; Glas et al., 2009; Asparouhov and Muthén, 2010; Rubin
and Schenker, 1986) where the latent outcome variable is treated as missing
data. Plausible values are generated from the posterior distribution of the
latent variable to obtain a complete data set. This data set can be analyzed
in the secondary data analysis. When constructing the posterior of the latent
variable, all available information is used. The posterior is proportional to the
likelihood times the prior, which can be represented by

p
(
θij |yij , σ

2, τ2, γ
)
∝ p

(
yij |θij

)
p
(
θij |σ2, τ2, γ

)
(2.6)

The structural model parameters are integrated out such that the (margi-
nal) posterior of the latent variable only depends on the response pattern. This
marginal posterior is only dependent on the data, in this case upon the data
of subject j on occasion i. We sample from the marginal distribution in or-
der to obtain plausible scores for subjects with similar response patterns and
background characteristics as in the sample of subjects (Mislevy, 1991; Mar,
2011).

For the CTT model, the sum score defined in Equation 2.3 is considered
to be an unbiased estimate of the true score. This true score is considered to
be an outcome of the multilevel model in Equation 2.1. When assuming the
CTT model for the measurement of the construct score, according to Equation
2.2, the distribution of the observed scores given the true score is given by
p(yij |θijCTT ). Subsequently, the posterior distribution of the true score is given
by

p
(
θijCTT |yij , σ

2, τ2, γ
)
∝ p

(
yij |θijCTT

)
p
(
θijCTT |σ

2, τ2, γ
)

(2.7)

Parallel measurements are needed to estimate the true score (error) va-
riance, but they are usually not available. When the measurement error va-
riance cannot be estimated under the CTT model, the first term on the right-
hand side is not included in defining the posterior distribution, and an unbiased
estimate of the true score is assumed. However, the measurement error can
still be assumed to be included in the multilevel model specification (i.e., the
second term on the right-hand side). In that case, the population variance is
used as an approximation of the subject-specific measurement error variance
(Lord et al., 1968, pp. 155).

2.3. Simulation study 19

This approach was also used in the present study. Analogue to generating
plausible values under the IRT model (Equation 2.6), the marginal distribution
of the (true) scores is used to generate plausible values under the CTT model
(Equation 2.7). Note that the drawn plausible values are realizations of the
true score under the structural multilevel model given the sum score as an
unbiased estimate of the true score.

In the literature, it is recommended to draw five sets of plausible values
to address the uncertainty associated with the plausible values for the mis-
sing data (Rubin and Schenker, 1986; Little et al., 2002). Various results of
data analysis are obtained for the five different complete data sets, which are
constructed from multiple sets of plausible values. The final results are con-
structed by averaging the analysis results, in this case, the structural model
from Equation 2.1.

2.2.4 Comparing CTT- and IRT-based estimates

When comparing the IRT and CTT-based structural model estimates, it is re-
quired to take scale differences into account. For the comparison, the CTT
scores were rescaled to the IRT-based plausible values scale, using a linear
transformation as proposed by Kolen and Brennan (2010, pp. 337),
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where µ(pv) and σ(pv) are the mean and the standard deviation of the
IRT-based plausible values, and where µ(Y ), and σ(Y ) are the mean and
standard deviation of the CTT-based plausible values. Next, the structural
model was fit to the plausible values for each of the five draws. Finally, the
estimates resulting from the structural model were pooled to obtain the final
parameter estimates.

2.3 Simulation study

A simulation study is presented for evaluating the use of IRT-based plausible
values compared with CTT modeling for estimating latent variables used in
longitudinal multilevel analysis. The aim of this study was to investigate how
the true values of the population parameters are retrieved in different situations
with varying sample sizes, number of items and skewness of the latent variable
distribution.
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2.3.1 Design

The full cross classified design resulting in 273 conditions is depicted in Table
1. Per condition, 10 datasets were simulated using R Statistical Software (R
Core Team, 2013) and analyzed using an extended version of the R-Package
mlirt (Fox, 2007) and WinBUGS (Sturtz et al., 2005; Lunn et al., 2000). Data
was generated following the model described in equation Equation (2.1) with
the variance between persons (i.e. level-2 variance) set to τ2 = .8, and repea-
ted measurement variance to σ2 = .4 while using the IRT-model from equation
Equation (2.4) to generate values for the normally distributed underlying latent
variable; θij ∼ N(0, 1). The latent variable scores are drawn from the normal
distribution before generating the IRT data.

An unidimensional latent variable was assumed to cause the responses,
measured six times J = 6 using a varying amount of items with four answering
categories per item C = 4. The number of items that were used are listed in
Table 2.1.

Items: 3; 5; 7; 10; 15; 20; 50
N: 100; 500; 1000

Skewness: 0; ±.4; ±.8; ±1.3; ±1.9; ±2.6; ±3.6

Table 2.1: The conditions of the full cross classified design for the simulation
study. The number of items (Items), number of participants (N), as well as the
skewness from a normal distribution of the latent variable (Skewness) were
varied.

In the simulated data, skewness of the latent variable was generated by
changing the location of threshold parameters of the IRT model.

For example, for a positive skewness of 2.6, τk1 = 3, τk2 = 2, and τk3 = 1
were used for all items k. This common shift in the difficulty parameters for
all items will impact the posterior distribution of the latent variable and can
be interpreted as skewness of the latent variable. This skewed to the right
data could indicate that relatively healthy persons were asked to answer a
questionnaire measuring clinical depression, leading to high sum-scores. The
same can occur when subjects have recovered after treatment and the same
questionnaire is used on the baseline and follow up measurement. Item scores
were generated based on the latent variable and the parameters of the IRT
model. The CTT based scores are calculated according to equation Equation
2.3 using the simulated item scores. These sum-scores are the CTT estimates
for the latent variable. In Figure 2.2, the distributions of the CTT scores are
visualized using density plots of different skewness conditions.

In epidemiological data, skewness in the data is often found. The influence
of various levels of skewness of the latent variable distribution on retrieving
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Figure 2.2: The density of four different skew-normal distributions (Azzalini,
2011).

the multilevel regression parameters was investigated. Figure 2.3 shows a
schematic display of the simulation procedure for one replication.

IRT and CTT-based plausible values were generated using the datasets
from one of the simulation conditions. The CTT-based Plausible values were
rescaled according to Equation 2.8 and the structural model described in Equa-
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Figure 2.3: Simulation procedure for one replication.

tion 2.1 was fit to five draws of plausible values and the results were pooled by
averaging the parameter estimates. Mean squared errors (MSE) given by

MSE
(
θ̂
)
= V ar

(
θ̂
)
+

(
bias

(
θ̂, θ

))2

, (2.9)

were calculated where θ̂ denote the parameter estimates resulting from the
different replications and θ are the true values. The MSE’s were calculated for
the level-1 and level-2 variance estimates for both the CTT and the IRT-based
plausible value analysis.

2.3.2 Simulation results

Figure 2.4 shows a selection of the variance estimates within persons (level-1)
and between persons (level-2). The upper left plot (Figure 2.4) for example re-
presents 13 different skewness conditions (from negative to positive) with 100
participants measured on six time points with a five-item questionnaire. The
points represents the IRT and CTT-based estimates for the level-1 (repeated
measurement) and level-2 (between person) variance.

The horizontal lines represent the true values for the variance parameters.
The estimates for the IRT-based plausible value scores are closer to the true
parameter value of .4 for the within person variance and .8 for the between
person variance compared to the estimates from the CTT-based analysis. The
difference between the methods is the smallest when the latent variable is per-
fectly normal distributed, and becomes gradually bigger with increasing skew-
ness of the latent variable distribution. The estimates from the CTT model
get closer to the true values when the number of items increase moving from
the left to the right graphs. The estimates from the IRT model are close to
the true values for all number of item conditions with except for the N = 100
condition. The CTT repeated measurement variance estimates for the condi-
tions with ten or less items are even higher compared to the between person



22 Method for comparing IRT and CTT

Figure 2.3: Simulation procedure for one replication.

tion 2.1 was fit to five draws of plausible values and the results were pooled by
averaging the parameter estimates. Mean squared errors (MSE) given by

MSE
(
θ̂
)
= V ar

(
θ̂
)
+

(
bias

(
θ̂, θ

))2

, (2.9)

were calculated where θ̂ denote the parameter estimates resulting from the
different replications and θ are the true values. The MSE’s were calculated for
the level-1 and level-2 variance estimates for both the CTT and the IRT-based
plausible value analysis.

2.3.2 Simulation results

Figure 2.4 shows a selection of the variance estimates within persons (level-1)
and between persons (level-2). The upper left plot (Figure 2.4) for example re-
presents 13 different skewness conditions (from negative to positive) with 100
participants measured on six time points with a five-item questionnaire. The
points represents the IRT and CTT-based estimates for the level-1 (repeated
measurement) and level-2 (between person) variance.

The horizontal lines represent the true values for the variance parameters.
The estimates for the IRT-based plausible value scores are closer to the true
parameter value of .4 for the within person variance and .8 for the between
person variance compared to the estimates from the CTT-based analysis. The
difference between the methods is the smallest when the latent variable is per-
fectly normal distributed, and becomes gradually bigger with increasing skew-
ness of the latent variable distribution. The estimates from the CTT model
get closer to the true values when the number of items increase moving from
the left to the right graphs. The estimates from the IRT model are close to
the true values for all number of item conditions with except for the N = 100
condition. The CTT repeated measurement variance estimates for the condi-
tions with ten or less items are even higher compared to the between person

2.3. Simulation study 23

Figure 2.4: Pooled variance estimates. Selection of the pooled variance esti-
mates for different distributions, sample sizes (n = 100, 500, 1000), and num-
ber of items (K = 5, 10, 20, 50).



24 Method for comparing IRT and CTT

variance estimates in case of more extreme skewness. This in contrary to the
IRT-based estimates, where the variance estimates are very close to the true
values regardless of the skewness. Overall, the IRT method gives more accu-
rate estimates compared to the CTT model over all the simulation conditions.
When comparing the plots from the top to bottom, the sample size increases
from N = 100 to N = 500 to N = 1, 000. Increase in sample size does
not influence the magnitude of the difference between both models. The IRT
model gives better estimates in all sample size conditions. With the increasing
sample size, the lines between the estimates become more stable, indicating
a more stable pattern of the differences between both methods. The MSE’s
for the variance estimates are presented in Figure 2.5, where it can be seen
that the CTT model systematically overestimates the repeated measurement
variance and underestimated the between person variance.

The differences between the true value and the estimated value by the
CTT model increases when the latent variable distribution becomes more ske-
wed. These differences become smaller for the CTT-based estimates when
the number of items and the sample size increase. The observed difference
between the IRT and CTT estimates seems to be dependent on the mani-
pulated factors. The extremer data situations are causing larger differences
between IRT and CTT-based estimates in a consistent way.

2.4 Empirical dataset

An example dataset was analyzed to illustrate the application of IRT-based
plausible values in epidemiological practice. Data were obtained from the Am-
sterdam Growth and Health Longitudinal Study (AGHLS), which is a multidis-
ciplinary longitudinal cohort study that was originally set up to examine growth
and health among teenagers (Kemper and Hof, 1978). Data from the AGHLS
were used in previous research to answer various research questions dealing
with the relationships between anthropometry (Hoekstra et al., 2011), physical
activity (Douw et al., 2014), cardiovascular disease risk (Wijnstok et al., 2012,
2013), lifestyle (Twisk et al., 1997, 1998), musculoskeletal health, psychologi-
cal health (Hoekstra et al., 2013) and wellbeing.

2.4.1 Descriptives

The presented sample consists of 443 participants who were followed over
the period 1993-2006 with maximal three data points over time nested within
the individuals. A sub scale of the State Trait Anxiety Index Dutch Y-version
(STAI-DY) (van der Ploeg, 1982) questionnaire was used to measure the latent
variable ”state anxiety” and consists of 20 items with four answering catego-
ries. The histograms in Figure 2.6 depict the sum-score distributions on the
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Figure 2.5: Mean squared errors. Plots of the MSE’s for level-1 (repeated
measurement) and level-2 (between person) variance parameter estimates
resulting from both the IRT and CTT-based latent variable models.
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three measurement occasions.

Figure 2.6: Sum-score distributions. Histograms with the sum-score distribu-
tion for the latent variable ”state-anxiety” on the three measurement occasions
in the AGHLS cohort. The skewness of the sum-score distributions was 1.02;
.99; and 1.18 on the first, second, and third measurement occasion depicted
from left to right, and 443, 338, and 126 participants were included respectively.

The aim of the analysis was to estimate the intercept and the variance
parameters (i.e. an intercept only model) in order to compare the CTT and IRT-
based estimates. The measurement models as well as the structural model
that were used are comparable to those in the simulation study above.

2.4.2 Results

The pooled parameter estimates resulting from both the IRT and CTT-based
models are presented in Table 2.2. Looking at the estimate for the random
intercept on the first row of Table 2.2, it can be seen that the IRT and CTT-
based estimates are similar. Furthermore, it can be seen that the between
person variance is lower for the CTT-based model compared to estimates from
the IRT-based model, .685 and .733 respectively. The within person variance
was .357 for the CTT-based model while it was .294 for the IRT-based model.
As a result, the intra class correlation coefficient (ICC) was higher for the CTT-
based model indicating that there was relatively more residual variance relative
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IRT CTT
Mean SD Mean SD

Fixed Effect
λ Intercept .018 .043 .015 .045

Random Effects
Between individual (level-2)
τ2 Intercept .733 .067 .685 .074
Within Individual (level-1)
σ2 Residual variance .294 ,030 .357 .042

Intra Class Correlation
ρ .287 .343

Table 2.2: Parameter estimates (posterior means) of the multilevel model for
the example ”Trait Anxiety” data with a random intercept using the IRT-based
plausible values technique and the CTT-based scores as outcome variables

to the total variance compared to the IRT-based model. Since the results are in
line with the results from our simulation study, we conclude that the CTT-based
model overestimates the ICC substantially.

The parameter estimates are derived by pooling the averages from the
posterior distributions of the five draws of plausible values that are visualized
in Figure 2.7. Looking at the posterior distributions resulting from the first draw
of plausible values on the top row of plots in Figure 2.7, the two distributions
are overlapping partly however there is a clear difference between the loca-
tions of the IRT and CTT-based posterior density plots. In draw two, three,
and four there is a difference in the level-1 (within person) variance poste-
rior density, but no large difference for the level-2 (between person) variance
posterior density. The posterior density plots for the fixed intercept estimates
(λ) in all draws are overlapping almost completely, indicating no difference in
the estimates of the fixed intercept between the IRT and CTT-based modeling
techniques. The reason that the estimates for the intercept are the same for
both models is the rescaling procedure that was used as described in equation
Equation (2.8). The mean and the variance for plausible values are rescaled
to the same scale in order to guarantee the comparability of the estimates.
The results from the data example are in concordance with the results from
the simulation study, indicating that the IRT based estimates are closer to the
true parameters.
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Figure 2.7: Posterior density plot for the level-1 (repeated measurement) vari-
ance, the level-2 (between person) variance, and the fixed part of the intercept
under the IRT and CTT-based models for all five draws of plausible values.

2.5 Discussion

Despite the known benefits of IRT modeling when analyzing latent variables,
CTT models are still used very often in the field of epidemiological research.
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The objective of this study was to point out the differences between the use
of IRT-based plausible values and the use of sum scores in the measurement
part of a longitudinal analysis.

In this study, it is shown that the common way of doing longitudinal analy-
sis with sum-scores leads to systematically biased results and more advanced
statistical methods are required to make profound inferences in longitudinal la-
tent variable research. We showed that IRT-based plausible value techniques
performs better compared with CTT analysis for retrieving variance estimates
in longitudinal data with latent outcome variables measured with questionnai-
res. The difference between both methods becomes consistently larger for the
more extreme conditions of the simulation, indicating that IRT-based plausible
value techniques are quite robust against more extreme data situations.

The bias in the CTT based estimates can be reduced by using a larger
number of items, a larger sample size, and by using data following a strictly
normal distribution.However, in almost all of the data situations in our simu-
lation study, longitudinal IRT performs much better in retrieving the variance
estimates. In practice, epidemiological questionnaire data is seldom normally
distributed (King et al., 2014; Hertzog and van Alstine, 1990; Dawson et al.,
2004), and using IRT-based estimates can improve the quality of the estima-
tes profoundly. The systematic underestimation of the between person va-
riance and overestimation of the within person variance by the CTT-based
model leads to overestimation of the ICC. This might have impact on the re-
gression coefficients and cause bias. It would be interesting to investigate the
sequence and direction of this bias and the impact on the conclusions of past
and future research.

Besides that, nowadays there is also much interest in using multilevel mo-
deling to explain differences between individuals and groups, which makes
it even more important to use unbiased estimates for the variance parame-
ters. Based on the outcomes of our research, it is advisable to use IRT-based
plausible value techniques when the outcome variable is a repeatedly measu-
red latent variable, especially when the sum-score distribution deviates from
strictly normal. Plausible values are not an estimator for the construct, they
can never be used to make inferences about individuals. Like most statistical
inferences, the objective is to make statements about or comparisons between
groups of people.

In the work of Blanchin et al. (2011), longitudinal data modeling results
under classical test theory and Rasch IRT models have been compared. In
their work, scale-free statistical results are compared as type-I errors and po-
wer, since the dependent (latent) variables are not measured on a comparable
scale. The CTT and IRT-based analysis showed comparable results in terms
of power. This is in contrast to our findings, where we showed a significant
increase in bias under the CTT model. However, their comparison is more
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complex since a common test approach is used (i.e., t-test and F-test), which
is based on different assumptions in the different modeling approaches. The
accuracy of the approximation of the distribution of the test statistic is likely to
vary over techniques and models, which could influence the statistical results.
Furthermore, differences in estimation methods and modeling differences also
influenced their results.

The current study was confined to latent variables measured using ques-
tionnaires with items containing four ordinal answering categories. Although
this is a common situation, questionnaires with a dichotomous response for-
mat (i.e. two answering categories) are used as well for measuring latent va-
riables. When using questionnaires with dichotomous response format there
will be less variance in sum-scores compared to ordinal response formats.
There are less possible response patterns leading to less variance in scores
when aggregated into a sum-score. As a result, the difference in estimates
between IRT and CTT will most likely become even larger in all situations.

The simulation study as presented, only took into account complete data-
sets. Further research is needed to explore the influence of missing data on
the difference between both methods. Furthermore, the focus of the current
article is the use of latent variables as outcomes in the structural model. Ano-
ther interesting study would be to focus on the influence of using CTT based
scores for time (in)variant covariates which is a common situation in epidemi-
ological research (Zhang et al., 2014)

2.6 Conclusion

From this study it can be concluded that the use of IRT-based latent variable
scores, in contrast to sum scores, leads to unbiased parameter estimates in
longitudinal data analysis given multi-item questionnaire data. The degree
of bias increases when the latent variable distribution is more skewed. It is
important to realize that longitudinal data analysis results are biased when
using sum scores.
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Abstract

Latent growth models (LGM’s) are often used to measure individual trajec-
tories representing change over time. The characteristics of the individual
trajectories depend on the variability in the longitudinal outcomes. In many
medical and epidemiological studies, the individual health outcomes cannot
be observed directly and are indirectly observed through indicators (i.e., items
of a questionnaire). An item response theory (IRT) or a classical test theory
(CTT) measurement model is required, but the choice can influence the la-
tent growth estimates. In this study, under various conditions, this influence
is directly assessed by estimating latent growth parameters on a common
scale for IRT and CTT using a novel plausible value method in combination
with Markov Chain Monte Carlo (MCMC). The latent outcomes are conside-
red missing data and plausible values are generated from the corresponding
posterior distribution, separately for IRT and CTT. These plausible values are
linearly transformed to a common scale. An MCMC method was developed to
simultaneously estimate the latent growth and measurement model parame-
ters using this plausible value technique. It is shown that estimated individual
trajectories using IRT, compared to CTT to measure outcomes, provide a more
detailed description of individual change over time, since item response pat-
terns (IRT) are more informative about the health measurements than sum
scores (CTT).

Adapted from: Gorter, R., Fox, J.-P., Ter Riet, G., Heymans, M., & Twisk, J. (submitted for
publication), Latent Growth Modeling of IRT Versus CTT Measured Longitudinal Latent Varia-
bles.
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3.1 Introduction

The use of questionnaires to measure patient reported outcomes (PRO’s) in
clinical research is widespread when no objective measurement is possible.
Questionnaire data is essential in those areas of medical research, to con-
struct convincing evidence and to make inferences. The increasing emphasis
on quality-of-life and patient-focused outcomes further stimulates the use and
development of questionnaires in clinical research. Furthermore, there is a
growing interest in modeling the longitudinal development of these outcomes
over time. The analysis of (longitudinal) questionnaire data is, however, not
straightforward and no generally accepted gold standard is available.

There are two popular psychometric methods that address the (longitu-
dinal) measurement of persons given their responses to questionnaire items
(e.g., Hambleton and Jones (1993)). In classical test theory (CTT), test scores
are related to (unobservable) true scores, and according to the CTT model
an observed (sum) score is linearly linked to the sum of a true and an error
score. The CTT model is often used because it is a relatively simple way to
analyze questionnaire data and the assumptions of the CTT model are easily
met. The other psychometric model is referred to as an item response theory
(IRT) model which defines a relationship between the patient‘s response to an
item and the construct score (e.g., latent variable). A critical difference is that
CTT is based on aggregate data information, where an observed test score
is linearly related to the true score. The observed test score is constructed
from the categorical item response data, and for this reason it is an aggregate
score (Lord et al., 1968, Ch. 3). The error component represents the deviation
between the observed test score and the true score, where the error is assu-
med to be random across similar parallel test forms. In most medical research
with questionnaires, replications of test forms are not available, and a com-
mon error variance is assumed across persons (Lord et al., 1968, Ch. 7). In
contrast to CTT, IRT is built on an item-construct relationship, where the latent
variable or construct is nonlinearly related to each item response through an
item response function. An IRT model is defined at the level of observations
and therefore preserves all item-level information.

In the study of Gorter, Fox and Twisk (2015) numerical differences between
the two psychometric models were explicitly quantified. They showed that the
measurement model choice influences the estimated amount of within-subject
and between-subject variance given questionnaire data retrieved under a re-
peated measurements design. When construct measurements retrieved via
sum scores were used as outcomes of a repeated measurements model, the
within-subject variance was often overestimated and the between-subject va-
riance underestimated. The estimated CTT scores (sum scores) ignore dif-
ferences in response patterns between individuals leading to the same sum
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score and this led to bias in the estimated intra-individual and inter-individual
sum score based variances in construct measurements. Under various con-
ditions, construct scores retrieved via IRT did not show bias in the estimated
structural variance components. Furthermore, it was shown that CTT scores
(sum scores) led to bias in the regression effects under various conditions for
data retrieved from a randomized controlled trial (RCT), where effect estimates
given IRT scores did not show bias (Gorter et al., 2016)

In the current study, longitudinal questionnaire data on health-related con-
structs are considered. This type of data is very common in medical and
epidemiological studies. For example, growth trajectories of cognitive abilities
(Ossenkoppele et al., 2014), post traumatic stress symptoms (Eekhout et al.,
2016) or quality of life (Inge et al., 2016). In this type of research, latent growth
modeling can be used to model trajectories of (measured) constructs (Bollen
and Curran, 2006). Constructs of interest are measured using a measurement
instrument (e.g., a test or questionnaire), and subsequently, a measurement
model is required to estimate construct values given multiple-item observati-
ons. The purpose of the present paper is to investigate the influence of the
measurement model choice on the analyses of growth trajectories of health.
Health status is measured across time using a measurement model and ques-
tionnaire data. Individual trajectories of health are described by latent growth
parameters representing the initial health status, and the linear trend and po-
tentially higher-order trend components to model non-linear trends. Through
a simulation study it is shown that the most often used CTT model with sum
scores leads to bias in the latent growth parameter estimates, which describe
the shape of estimated growth trajectories. The use of sum scores for me-
asuring the longitudinal outcome variables is also shown to lead to biased
estimates of relevant predictor variables. Although it is possible in CTT mo-
deling to estimate item parameters and other more advanced techniques, we
aim to compare the most popular and frequently used sum score CTT model
(Lord et al., 1968, Ch. 7) with using IRT scores in LGM to stress the impor-
tance of the measurement model choice and show the influence on the LGM
parameter estimates directly.

The measurement of a construct is based on the response data but also on
the information from the LGM, which implies that the response observations
alone are not sufficient information to make inferences about the construct va-
lue. The information of the LGM, representing the distribution of the construct
across time, is also needed to include for instance the individual trajectory
information in the estimation of a time-specific construct measurement. In
a Bayesian modeling approach, the measurement model combined with the
LGM given the observed response data leads to a posterior distribution for
the construct. This posterior distribution depends on the choice of the mea-
surement model, where under IRT a weighted average of the item response
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data and under CTT a weighted test score is used to construct the posterior.
Therefore, in contrast to CTT, under IRT all response information is utilized,
where different response patterns lead to different posterior distributions of
the construct.

The health outcomes under both measurement models are not measured
on the same scale. As a result, latent trajectory estimates using IRT cannot be
compared directly to those using sum scores. When using for instance a mixed
logistic regression model with person, time, and item as levels of a three-level
design, the scale of the regression parameter estimates will depend on the
scale of the construct measurement. The scale of the regression parame-
ter estimates resulting from a mixed linear model with two levels, person and
time, will depend on the scale of the test scores. Therefore, a plausible value
procedure is proposed to accommodate scaling differences between measu-
red health constructs, while at the same time dealing with the measurement
error for the construct measurements. The re-scaled plausible values under
each measurement model (IRT and CTT) serve as outcomes of a LGM to
estimate growth parameters. The proposed procedure makes it possible to
estimate growth parameters under both measurement models on a common
scale (Gorter et al., 2015, 2016). In a simulation study, the influence of each
measurement model on the estimation of the growth parameters is investiga-
ted and the latter are directly compared.

In the present paper, the findings of a simulation study, a longitudinal study
on chronic obstructive pulmonary disease (COPD), and a study on coping
with back pain are used to show the possibilities of latent growth modeling
for longitudinal latent variables measured with IRT, while at the same time
the comparison is made with LGM’s using sum scores (CTT). The differences
between IRT and CTT are stressed in the longitudinal latent variable modeling
of health constructs. It is shown that under CTT the magnitude of linear trend
effects are underestimated, quadratic trend effects are not always detected,
and individual differences in trajectories are underestimated, mainly since CTT
does not utilize all response information.

In Section 3.2, the properties of IRT and CTT are discussed in a brief in-
troduction. In Section 3.3, latent curve models are discussed for modeling
individual trajectories of health measurements. In Section 3.4, a plausible va-
lue method is described to account for scale differences in the IRT-based and
CTT-based health measurements. Furthermore, a Marcov Chain Monte Carlo
(MCMC) method is proposed to estimate the parameters of the LGM given
the re-scaled plausible values. In a simulation study the implications of using
sum-scores as measurements of latent variables in latent growth modeling is
shown, while making the comparison with IRT-based plausible values on a
common scale. Subsequently, data from two real data studies are used to illu-
strate the findings of the simulation study. In Section 3.8, a discussion of the
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findings and an overall conclusion are presented.

3.2 Measurement Models

There are two important traditions when it comes to measurement models,
CTT and IRT. Both measurement models make different assumptions on the
relation between the latent variable and the item scores. An important diffe-
rence is that IRT models describe the relation between the observed item sco-
res and the latent variable using the probability of choosing one over the other
answering categories of an item, while taking into account the item charac-
teristics. By using the lower-level item responses, differences in answering
patterns across items lead to different scores. This in contrast to (aggregated)
test scores, usually sum scores, used in CTT, where item properties are ig-
nored and different answering patterns can lead to the same construct score.
The difference in the calculation of the score leads to more variability in the
IRT scores, and thus to a more realistic rendition of the true trait levels. Note
that these differences between IRT and CTT become apparent, when concur-
rently estimating all parameters including those from the LGM. In a one-step
(simultaneous) estimation method, the latent variable estimates depend on the
response data and the LGM distribution for the latent variable. In that case, the
latent variable estimate depends on the item response data (under IRT) or the
sum-score (under CTT) and on the LGM. As a result, differences between IRT
and CTT become apparent, since different sources of information are used to
make inferences about the latent variable estimates.

In IRT modeling, each binary response Yijk = 1 has a success probability
that is presumed to be a function of patient i (i = 1, ..., nj) at measurement
occasion j (j = 0, ..., J), the parameters of the measurement model for item
k (k = 1, ...,K), and the latent variable θij . We use the two parameter normal
ogive model (Lord et al., 1968) for dichotomous items;

P (Yijk = 1 | θij , ak, bk) = Φ (akθij − bk) , (3.1)

where Φ(.) denotes the standard normal cumulative distribution function. The
item difficulty is denoted by bk and the discrimination parameter by ak. The la-
tent variables of patient i, θi, are considered longitudinal latent variables since
they are related to observed variables, which are measured at multiple time
points. The item parameters are assumed to be invariant across measure-
ment occasions, but item parameters can be occasion-specific, for instance,
in case of an incomplete design (i.e. when the questionnaire changes over
time and/or when patients do not respond to all questionnaire items).

For ordinal response data, the graded item response model is used (GRM)
(Samejima, 1969), also called the ordinal probit model (Fox, 2007; Embretson
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and Reise, 2000), which is given by,

p
(
Yijk = c | θij , ak, τk

)
= Φ

(
akθij − τkc−1

)
− Φ

(
akθij − τkc

)
. (3.2)

In the GRM, the probability is modeled that an individual ij with underlying
latent variable θij , gives a response into category c (c = 1, ..., C) on item k.
The Ck − 1 threshold parameters are denoted by τkc. The probability that the
response yijk falls into category c is the probability of scoring in category c or
below minus the probability of scoring in category c−1 or below. The response
categories are ordered as −∞ ≤ τk1 ≤ τk2 ≤ τk3 ≤ ∞.

For CTT, the observed responses are aggregated to a sum score (other
test scores are possible), Y ij , and the measurement of the true score, ϑij , of
patient i at occasion j is given by

Y ij = ϑij + Eij , (3.3)

where Eij is the (random) measurement error component. The error compo-
nent represents the difference between the observed score and the true score
on a specific test occasion, and independent random errors are assumed for
similar (parallel) tests across occasions. In practice, results from parallel tests
are not available and a common error variance is assumed across patients.
Then, the common error variance can be computed from the patient scores.
Although CTT does not imply a distribution for the errors, it is also assumed
that a normal distribution is assumed for the errors. This distributional assump-
tion facilitates, in a Bayesian modeling approach, the construction of a poste-
rior distribution for the true score. As a result, the errors are independently and
normally distributed with a mean of 0, and the sum scores are considered to
be linearly related to the patients’ true scores. The IRT latent variable θij and
the CTT true score ϑij are measured on different scales but they represent the
same construct (Lord, 1980, pp. 46), and both are measured using the same
items in the test.

When considering the CTT (IRT) model as the level-1 part of the model, the
LGM describes the change in true (IRT) scores over time and the LGM repre-
sents the higher-level part of the model. Inferences about the true (IRT) scores
are based on the response data and the LGM using a simultaneous estima-
tion procedure. It is often assumed that a simple random sample of patients
is obtained and the latent variable and the true score are modeled as random
effects. In that case patients are randomly selected from a population, and a
normal distribution represents the population of patients from which a simple
random sample is obtained. Although it is often a priori assumed that the po-
pulation distribution of the latent variable is normal, the posterior distribution
can be asymmetric after updating the prior to the posterior via the likelihood
using the response data. In most epidemiological studies, a symmetric latent
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variable (population) distribution is not present and more advanced parametric
measurement techniques are required to describe the response data.

In the comparison of CTT with IRT, the computation of the posterior distri-
bution of the latent variable (true score) is based on a simultaneous (one-step)
estimation method, where all available information is used to make inferences
about the latent variable (true score). The reason is that the LGM provides
specific information about the time-specific latent variables, which needs to be
included in the posterior distribution of the latent variable. Differences between
IRT and CTT become apparent when considering the posterior distributions of
the model parameters based on the response data and the LGM. Thus, when
comparing IRT with CTT in combination with a LGM for longitudinal latent va-
riables, joint inferences will be made by considering a simultaneous estimation
method.

Note that if a two-stage estimation method would be used instead of the
simultaneous estimation method, the latent variable scores are based solely
on the response data and the LGM parameters are estimated given the latent
variable scores. In this two-step estimation approach, the intra-patient corre-
lations across time specified by the LGM are ignored in the computation of
the latent variable scores and this will lead to biased estimates. The measure-
ment errors associated with the latent variable measurements are also ignored
which will also lead to biased LGM estimates and an underestimation of the
standard errors of the LGM parameter estimates. However, in the comparison
of IRT with CTT, when the one-parameter IRT model is considered, the sum
score is considered to be a sufficient statistic for the latent variable. As a re-
sult, the sum score and the IRT score contain similar information and will not
render differences in LGM estimates. Furthermore, under more advanced IRT
models, differences in latent variable scores under both measurement models
will not lead to remarkable differences in LGM estimates. The IRT score under
the one-parameter IRT model will not differ much from the scores under more
advanced IRT models.

3.3 Latent Growth Models for Changes in Health Sta-
tus

Latent growth models (LGMs) are used to describe differences between in-
dividual health trajectories over time (Bollen and Curran, 2006; Meredith and
Tisak, 1990). A pattern of change is usually described by a random intercept
and a random slope, where each patient-specific pair describes a latent tra-
jectory. The random intercept and slope are considered to be latent variables
and represent the initial status and the rate of change of a patient’s health
status. When considering the health status θij of patient i measured at occa-



40 Measurement model influences in LGM’s

variable (population) distribution is not present and more advanced parametric
measurement techniques are required to describe the response data.

In the comparison of CTT with IRT, the computation of the posterior distri-
bution of the latent variable (true score) is based on a simultaneous (one-step)
estimation method, where all available information is used to make inferences
about the latent variable (true score). The reason is that the LGM provides
specific information about the time-specific latent variables, which needs to be
included in the posterior distribution of the latent variable. Differences between
IRT and CTT become apparent when considering the posterior distributions of
the model parameters based on the response data and the LGM. Thus, when
comparing IRT with CTT in combination with a LGM for longitudinal latent va-
riables, joint inferences will be made by considering a simultaneous estimation
method.

Note that if a two-stage estimation method would be used instead of the
simultaneous estimation method, the latent variable scores are based solely
on the response data and the LGM parameters are estimated given the latent
variable scores. In this two-step estimation approach, the intra-patient corre-
lations across time specified by the LGM are ignored in the computation of
the latent variable scores and this will lead to biased estimates. The measure-
ment errors associated with the latent variable measurements are also ignored
which will also lead to biased LGM estimates and an underestimation of the
standard errors of the LGM parameter estimates. However, in the comparison
of IRT with CTT, when the one-parameter IRT model is considered, the sum
score is considered to be a sufficient statistic for the latent variable. As a re-
sult, the sum score and the IRT score contain similar information and will not
render differences in LGM estimates. Furthermore, under more advanced IRT
models, differences in latent variable scores under both measurement models
will not lead to remarkable differences in LGM estimates. The IRT score under
the one-parameter IRT model will not differ much from the scores under more
advanced IRT models.

3.3 Latent Growth Models for Changes in Health Sta-
tus

Latent growth models (LGMs) are used to describe differences between in-
dividual health trajectories over time (Bollen and Curran, 2006; Meredith and
Tisak, 1990). A pattern of change is usually described by a random intercept
and a random slope, where each patient-specific pair describes a latent tra-
jectory. The random intercept and slope are considered to be latent variables
and represent the initial status and the rate of change of a patient’s health
status. When considering the health status θij of patient i measured at occa-

3.3. Latent Growth Models for Changes in Health Status 41

sions j = 0, . . . , ni, an LGM can be defined by using a latent growth factor β,
which includes a random intercept β0i and a rate of change β1i. For patients
i = 1, . . . , N , this LGM is given by,
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The error term ei is assumed to be normally distributed with a mean zero
and variance Σe, where Σe is a diagonal covariance matrix with diagonal ele-
ments σ2

j . The intra-patient correlation across measurements is modeled by
the random effects characterizing the latent trajectory. The error term ui is
multivariate normally distributed with mean zero and covariance matrix T with
diagonal elements τ20 and τ21 , and a non-diagonal covariance τ01. The LGM
for θi can also be represented by

θi = γ00 + u0i + (γ10 + u1i) ti + ei

= γ00 + γ10ti + u0i + u1iti + ei,

where the mean term is represented by γ00 + γ10ti. When including explana-
tory variables, differences at baseline (initial status) can be explained and diffe-
rences between slopes by including time-variant explanatory variables. When
the time of the first measurement, ti0, is coded as zero, then the random in-
tercept, β0i, defines the initial health status and β1i the linear time effect. The
other values of t should reflect the spacing between measurement occasions.

The latent growth factor βi represents the characteristics of the trajectory
for patient i. The population mean trajectory characteristics are given by a
population intercept γ00 and a population rate of change γ10. The variation in
individual trajectories in the population is described by the covariance matrix
T, where τ20 represents the variation in initial values in the population, τ21 ,
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In Figure 3.1, the path diagram of the LGM with a random intercept and
slope as growth factors is given, according to the latent curve modeling no-
tation (Bollen and Curran, 2006; Muthén, 1997), where the longitudinal latent
variable health status, θi, is measured by j occasion-specific observations.
The model is referred to as M1. The random intercept and random slope are
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allowed to be correlated and patient-specific explanatory variables can be in-
cluded to model variation between patients in their initial status and their rate
of change.

Figure 3.1: Path diagram of an LGM with a random intercept (initial status)
and a linear random slope (linear rate of change).

The modeling of the dynamic changes in longitudinal latent variables can
be extended by including higher-order polynomials, leading to nonlinear trajec-
tories. Assuming a linear change over time is often too simplistic. A negative
or positive linear trend of patient i can be modified by a quadratic time com-
ponent to decelerate or to accelerate the trend. The linear and quadratic time
components with patient-specific effects can describe a nonlinear change of
the patient’s longitudinal latent variable. The quadratic LGM for measurement
j of patient i is given by,

θij = β0i + β1itij + β2it
2
ij + eij ,

β0i = γ00 + u0i,

β1i = γ10 + u1i,

β2i = γ20 + u2i, (3.5)

where the error terms at the patient level ui, are assumed to be multivariate
normally distributed with mean zero and covariance matrix T. The variation in
quadratic effects across patients is given by τ22 , which represents the variation
in the second-order latent variable β2i. In Figure 3.2, the quadratic LGM of
the longitudinal latent variable, θij , is given. Although not explicitly mentioned,
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the mean term (γ00) can be extended with time-varying and time-invariant ex-
planatory variables. The quadratic LGM can also be extended to include even
higher-order polynomials such as a cubic trend. For the present study, inten-
sive simulation studies showed that the parameter recovery of random cubic
trend models did not show accurate results. Furthermore, the interpretation of
cubic and higher-order polynomial trends is complicated and it might be ques-
tionable whether such trends can be expected (Hedeker, 2006). For many
applications, the quadratic LGM defines a good balance between model fit
and interpretation.

Figure 3.2: Path diagram of an LGM, Model M2, with a random intercept, linear
random slope and a quadratic random slope.

3.4 Plausible Values To Accommodate Scale Differen-
ces

There are several ways to obtain estimates of the LGM parameters, where an
(nonlinear) IRT or (linear) CTT model is used to relate the response data to
the longitudinal latent variable. Tutz (2011, Ch. 8) and McCulloch and Neu-
haus (2001, Ch. 14), among others, describe different methods for estimating
the parameters. Maximum likelihood (ML) or restricted maximum likelihood
(REML) estimates can be obtained using an EM algorithm. It is also possible
to obtain more robust parameter estimates through penalized quasi-likelihood
estimation or a Laplace approximation. Furthermore, Markov chain Monte
Carlo (MCMC) methods can be used to obtain posterior mean estimates. Alt-



44 Measurement model influences in LGM’s

hough there are many ways to estimate the LGM parameters, LGM estimates
with IRT as the level-1 component (resulting in a 3-level model with the item
responses as the data and items, time and patiënts as the three levels) cannot
be directly compared to those with CTT as the level-1 component (resulting in
a 2-level model where the sum scores are the data and time and patiënts are
the levels). The estimates will be defined on different scales, since they are
based on different data (i.e., item response data versus a sum score) and it is
unknown how to translate the estimates and standard errors from one scale to
another. Therefore, a plausible value technique is used, which makes it pos-
sible to identify the underlying latent scale and to translate LGM estimates on
one scale to another.

Plausible values have been used for the analysis of large-scale surveys,
where there is an interest in the parameters of the population distribution of
the latent variable. The plausible values represent possible realizations that
the latent variable can take given the response data. The plausible values
are not point estimates of the latent variable but they are random draws of the
posterior distribution of the latent variable. A set of plausible values across
patients can be seen as a draw from the population distribution. The theory of
plausible values has been developed by Mislevy and colleagues 1991; 1992
and is based on Rubin’s work on multiple imputations (1986).

There are three arguments to use plausible values in the estimation of
population parameters of the latent variable. First, when point estimates of
the latent variable are used, bias in the variance estimates of the population
parameter estimates can be obtained because of the uncertainty associated
with the individual latent variable scores (Mislevy et al., 1992; Little and Rubin,
1983). The plausible values can be used to obtain unbiased estimates of
the LGM (population) parameters. Second, standard methods (i.e. multilevel
models; regression models) can be used when plausible values are available
for the latent variable. Third, for complex sampling designs plausible values
can be used to get correct standard errors of the parameter estimates. These
advantages of plausible values have also been shown in different simulation
studies and applications (Asparouhov and Muthén, 2008; Glas et al., 2009;
Marsman et al., 2016; Thomas and Gan, 1997; von Davier et al., 2009; Wu,
2005; Mislevy, 1991).

Next to these advantages, plausible values also serve as a perfect tool to
handle scale differences in the analysis, of latent variables. The procedure
is to generate plausible values for the latent variable given the response data
for different measurement models. The plausible values cannot be compared
across measurement models, since they are generated on different scales.
However, the generated plausible values can be transformed afterwards to a
common scale by a linear transformation. Let θPV

ij denote a plausible value
for θij , where the vector of plausible values across patients at measurement j
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has a mean µyj and standard deviation σyj . The linear transformation of the
plausible value θPV

ij to a scale with a mean µs and standard deviation σs is
given by,

θPV
ij,s = µs +

σs
σyj

(
θPV
ij − µyj

)
, (3.6)

where θPV
ij,s is the linearly transformed latent variable. Different sets of plausible

values retrieved with different measurement models can be transformed to a
common scale. As a result, estimated population parameters using plausible
values defined on different scales can be compared to each other (Gorter
et al., 2015).

When considering the LGM to describe the pattern of change, plausible
values are generated for the longitudinal latent variables and are used to esti-
mate the LGM parameters. The plausible values can be generated from the
posterior distribution of the latent variable. Let Ωij denote the set of LGM pa-
rameters, Ωij = {γ,β,Σe,T} for patient i and occasion j. Then, for the IRT
model, the posterior distribution of the latent variable θij is given by

g (θij | yij ,Ωij ,a, b) =
p (yij | θij ,a, b) f (θij | Ωij)∫
p (yij | θij ,a, b) f (θij | Ωij) dθij

, (3.7)

and subsequently, the plausible values are drawn from

θPV
ij ∼ g (θij | yij ,Ωij ,a, b) , (3.8)

and can be transformed to a particular scale using Equation (3.6).
In the same way, for the CTT model it follows that the posterior distribution

of the latent variable ϑij is given by

h
(
ϑij | yij ,Ωij

)
=

p
(
yij | ϑij

)
f (ϑij | Ωij)∫

p
(
yij | ϑij

)
f (ϑij | Ωij) dϑij

, (3.9)

and subsequently, the plausible values are drawn from

ϑPV
ij ∼ h

(
ϑij | yij ,Ωij

)
, (3.10)

and can be transformed to a particular scale using Equation (3.6). Note that
the plausible value differences between IRT and CTT stem from a different
measurement model specification in Equation (3.7) and (3.9), since they are
both based on the same LGM model.
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3.5 MCMC and the Plausible Value Procedure

MCMC can be used to estimate all model parameters, together with the ge-
neration of plausible values. Given the plausible values, which serve as de-
pendent variables of the LGM, parameters of the LGM can also be estimated
using MCMC. MCMC is repeatedly applied to estimate the LGM parameters
for each set of plausible values where the final LGM estimates are computed
as the average of estimates across replications. Note that the plausible values
are constructed using a 3-level model and that by using them in the LGM to
enable comparison with sum scores (a 2-level model) the model is not reduced
to a 2-level model. First, priors need to be specified for the item parameters.
For dichotomous data, a normal prior is specified for the discrimination and dif-
ficulty parameter with mean 1 and 0, respectively, both with a high variance to
specify an uninformative prior. For polytomous data, a diffuse prior is specified
for the threshold parameters, which assigns an equal probability for each pos-
sible parameter value, while obeying the ordering of the response categories
(Fox, 2010, pp. 83-85). For the LGM, a multivariate normal prior is defined for
the parameters of the population mean trajectory, γ ∼ MVN (µγ ,Σγ). For
the variance components, an inverse-gamma prior is defined for the variance
parameter of the within-patient errors, σ2

j , and an inverse-Wishart prior for the
covariance matrix T, T ∼ IW (νT , ST ), with νT the prior degrees of freedom
and ST the scale parameter. The prior specifications are quite standard, and
have been explained by Fox (2010) and Lee (2012).

The MCMC algorithm consists of several steps, which describes the sam-
pling from the conditional distributions of the model parameters. These sam-
pling steps define the sampling of the IRT, CTT, and LGM parameters.

1. IRT model. A data augmentation scheme is used to sample latent conti-
nuous data, z, which are normally distributed, as described in Fox (2010,
pp. 75-80). For binary data, item parameters are sampled from normal
distributions given the augmented response data. For polytomous data,
a Metropolis-Hastings step is used to sample threshold parameters (Fox,
2010, pp. 83-85). The conditional distribution of the latent variable is gi-
ven by Equation (3.7), which is a normal distribution, when conditioning
on augmented data z.

2. CTT model. The sampling of true score values, ϑij , is described in
Equation (3.9). A normal distribution is assumed for the responses in
the CTT model, which leads to a normal posterior for ϑij .

3. LGM model. Given the latent dependent variable θij or ϑij , the sampling
of the LGM parameters is described by Klein Entink et al. (2011) and
Song and Lee (2012, pp. 218-219,).
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The algorithm has been implemented in a modified version of the R-Package
mlirt (Fox, 2007). The convergence of the algorithm can be investigated by ob-
serving trace plots of the sampled values. At convergence, the sequences of
sampled values should mix well and not show any structural patterns. The
convergence diagnostics in the R-package Coda (Plummer et al., 2006) can
also be used to investigate whether the chains of sampled values has conver-
ged.

Plausible Value Procedure
The following procedure can be applied to obtain parameter estimates of

the LGM model for the IRT (Equation (3.8)) and CTT (Equation (3.10)) gene-
rated plausible values. As a result, the final estimates of the LGM parameters
given the IRT-generated plausible values, and those given the CTT-generated
plausible values are on the same scale due to the scale transformation of the
plausible values.

1. Generate plausible values for the latent variables θij and ϑij , according
to step 1 and step 2 of the MCMC algorithm.

2. Transform each vector of plausible values to a common scale, according
to Equation (3.6).

3. For each set of plausible values, obtain draws of all LGM parameters,
according to step 3 of the MCMC algorithm.

4. Repeat steps 1-3 multiple times (usually 5).

5. Pool the LGM estimation results from the IRT- and the CTT-generated
plausible values.

In the final step, the results are pooled across the different draws of plau-
sible values to estimate the posterior mean and variance of the model para-
meters. To describe this procedure, consider the fixed effect parameter γ in
the LGM in Equation (3.4). The posterior mean can be estimated by averaging
over the MCMC samples for each plausible vector of the latent variable, and
then take the mean over the computed averages. Let M and MPV denote the
number of MCMC iterations and the number of plausible values, respectively.
The posterior mean is estimated by

γ̂ =
1

MPV

1

M

MPV∑
h=1

M∑
m=1

γ(m,h) =
1

MPV

MPV∑
h=1

γ̂(h)

where γ(m,h) denotes a sample from the posterior distribution p
(
γ | θ(h),y

)
at MCMC iteration m given a plausible vector θ(h). The posterior variance of
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γ is estimated by the sum of the within and between-imputation variance

v̂ar (γ | y) =
1

MPV

MPV∑
h=1

var
(
γ | y,θ(h)

)
+

1

MPV − 1

MPV∑
h=1

(
γ̂(h) − γ̂

)(
γ̂(h) − γ̂

)t
.

The variance between plausible values (i.e., second term on the right-hand
side; between-imputation variance) can be multiplied with (1 + 1/MPV ) to im-
prove the approximation when MPV is small. The variance term var

(
γ | y,θ(h)

)
is estimated by the sample variance given sampled values and a plausible
vector θ(h). Subsequently, the within-imputation variance is estimated by the
mean of the computed sample variances over all plausible vectors.

3.6 Simulation study

In the simulation study, the plausible value procedure was used to address
directly the implications of using sum scores as measurements of latent va-
riables in latent curve modeling, while making the comparison with IRT-based
plausible values on a common scale.

3.6.1 Procedure

Item response patterns were simulated with N = 1, 000 cases, K = 20 di-
chotomous items under two conditions. In the first simulation condition with
J = 10, and in the second condition with J = 50 repeated measures per
patient. The latent variable, θij was simulated from a normal distribution with
mean β0i and variance σ2

θ equal to .50. The true values of the LGM para-
meters, referred to as model M1, are reported in Table 3.1 and 3.2 under the
column labeled ”True”. Data for both conditions were simulated according to
model M1 in Equation (3.4). The random intercept and slope, β0i and β1i,
were generated from a normal distribution with mean 0 and .4 and variance
τ20 = .80 and τ21 = .80, respectively. For the model M2 given in Equation (3.5),
a quadratic time effect was simulated from a normal distribution with mean .4
and variance .8.

The item responses were generated using Equation (3.1) combined with
Equation (3.4) and with Equation (3.5). The item difficulty parameters were
sampled from a normal distribution with a mean of 0 and a variance of .25 and
the discriminations were all set to 1, which otherwise would disadvantage the
CTT model over the IRT model. The generated item parameters and latent
variable values were used to simulate item response data. Subsequently, sum
scores, yij , were computed from the generated response data, which served
as observed scores for the CTT model.
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For each replication, the MCMC algorithm was run for 10, 000 iterations
to generate plausible values under the IRT model and the CTT model. The
convergence of the MCMC chains was checked using an ANOVA test on three
groups of 200 from a thinned chain, after a burn-in of 5, 000 iterations, to in-
vestigate mean differences between different parts of the chain. When the
test indicated significant mean differences, a new data set was drawn and af-
ter estimation checked for convergence. The MCMC chains for the models
with only a linear trend (M1) showed convergence. The number of iterations
for the MCMC chains was increased for models with a quadratic trend (M2). In
the simulation condition with the 10 repeated measurements to 100, 000, and
in the condition with 50 repeated measurements to 200, 000. After increasing
the number of iterations, the chains were inspected for convergence using the
potential scale reduction factor (Brooks and Gelman, 1998). Al chains showed
adequate convergence. Furthermore, a subset of the chains was additionally
inspected for convergence by examining the plots of the sampled parameter
values. In Figure 3.3 and Figure 3.4, MCMC iterates for the parameters of
Model M1 and M2 are plotted, respectively, for one of the 10 replications from
the J = 10 condition. The MCMC chains did not show convergence issues.
Subsequently, the plausible value procedure was used, where 20, 000 iterati-
ons were used to estimate the LGM parameters for each vector of plausible
values. The LGM estimates were computed for model M1 and M2 using the
IRT-generated plausible values (Equation (3.8)) and CTT-generated plausible
values (Equation (3.10)).

3.6.2 Results

Table 3.1 shows the results of the simulation study with 10 repeated measure-
ments (condition 1) and Table 3.2 shows the results for 50 repeated measure-
ments (condition 2). For the IRT model with 10 repeated measurements, the
bias for the estimates of the fixed component of model M1 and M2 lies bet-
ween −.10 and .12 and between −.09 and .06 for the estimates of the random
components. For the 50 repeated measurement condition, the bias for the esti-
mates lies between −.02 and .04 for the fixed components and between −.06
and .06 for the random components. The results based on IRT-generated plau-
sible values show accurate results, where the bias and MSE are around zero.
The true parameters were correctly recovered using the MCMC algorithm and
the plausible value procedure.

The estimation results based on the CTT-generated plausible values show
more bias and higher MSE estimates. The bias for the CTT estimates in the
first simulation condition lied between −.53 and .45 for the fixed parts and
between −.41 and .17 for the random parts, which is much higher compared to
the bias of the estimates based on IRT. The bias in CTT based estimates in the
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Figure 3.3: MCMC iterations of the fixed effect and variance parameters of
LGM M1 with a linear time effect using IRT-based plausible values.

second simulation condition lied between −.32 and .21 for the fixed parts and
between −.45 and .15 for the random parts, which is lower than in the condition
with less measurement occasions, however, still much higher compared to
the bias in the IRT based estimates. The highest posterior density intervals
(HPDs; the 95% credible interval in which most of the distribution lies, see for
example Box and Tiao (1992)) under the IRT model always contained the true
value, whereas for the CTT model, the true values of γ02, σ2, and τ21 were not
located in the HPDs. Most important, when using the CTT model, the mean
quadratic time effect was not detected in both conditions. The effect in the
first condition (Table 3.1) was estimated to be γ̂20 = −.13(.28) (95% HPD
= [−.46; .18]), and in the second condition (Table 3.2) γ̂20 = .00(.08) 95%
HPD=[−.06; .22]. The true effect was .40 and this quadratic effect accelerated
a positive trend of .40, which was not detected when using CTT. For models
M1 and M2 in both simulation conditions, the identified bias in the estimates
under CTT showed a typical pattern. The (level-1) residual variance σ2 was
overestimated and showed that there was more residual variation detected
in latent variable estimates over time (i.e., a positive bias was found). The
level-2 variances were underestimated and showed less variation in trends
and quadratic effects over subjects (i.e., a negative bias was found).
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a positive trend of .40, which was not detected when using CTT. For models
M1 and M2 in both simulation conditions, the identified bias in the estimates
under CTT showed a typical pattern. The (level-1) residual variance σ2 was
overestimated and showed that there was more residual variation detected
in latent variable estimates over time (i.e., a positive bias was found). The
level-2 variances were underestimated and showed less variation in trends
and quadratic effects over subjects (i.e., a negative bias was found).
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Figure 3.4: A total of 100, 000 MCMC iterations of the fixed effect and variance
parameters of LGM M2 with a quadratic time effect using IRT-based plausible
values.

3.7 Empirical Data Examples

3.7.1 Longitudinal Cohort Study on COPD

Data were obtained from a longitudinal cohort study on 409 patients with chro-
nic obstructive pulmonary disease (COPD) (Siebeling et al., 2009). The ques-
tionnaires were administered at several occasions with a maximum of 11 me-
asurements per patient. We examined the longitudinal development of the
Chronic Respiratory Disease Questionnaire (CRQ) (Wijkstra et al., 1994) sub-
scale ”Emotion”, which was used to measure COPD complaints over time. The
CRQ-emotion sub-scale consists of 7 items on the emotional burden of COPD
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IRT CTT

Par. True Mean SD BIAS MSE Mean SD BIAS MSE

M1 Fixed part γ0 0 0.00 0.05 0.00 0.00 0.03 0.05 0.03 0.00
[-0.09 ; 0.09] [-0.06 ; 0.11]

(L-Trend) γ1 .4 0.40 0.06 0.00 0.00 0.36 0.07 -0.04 0.00
[0.30 ; 0.50] [0.26 ; 0.45]

Random part σ2 .5 0.50 0.01 0.00 0.00 0.62 0.02 0.12 0.01
[0.48 ; 0.52] [0.59 ; 0.64]

(Intercept) τ20 .8 0.77 0.06 -0.03 0.01 0.75 0.06 -0.05 0.01
[0.66 ; 0.89] [0.64 ; 0.86]

(L-Trend) τ21 .8 0.78 0.09 -0.02 0.00 0.52 0.10 -0.28 0.08
[0.62 ; 0.94] [0.38 ; 0.66]

τ01 0 -0.01 0.05 -0.01 0.00 -0.01 0.04 -0.01 0.00
[-0.10 ; 0.07] [-0.09 ; 0.06]

M2 Fixed part γ0 0 -0.03 0.06 -0.03 0.00 -0.05 0.08 -0.05 0.01
[-0.14 ; 0.07] [-0.16 ; 0.06]

(L-Trend) γ1 .4 0.52 0.19 0.12 0.04 0.85 0.30 0.45 0.24
[0.22 ; 0.82] [0.49 ; 1.19]

(Q-Trend) γ2 .4 0.30 0.17 -0.10 0.04 -0.13 0.28 -0.53 0.32
[0.03 ; 0.57] [-0.46 ; 0.18]

Random part σ2 .5 0.49 0.01 -0.01 0.00 0.67 0.02 0.17 0.03
[0.47 ; 0.52] [0.64 ; 0.70]

(Intercept) τ20 .8 0.82 0.07 0.02 0.00 0.90 0.08 0.10 0.01
[0.70 ; 0.94] [0.77 ; 1.03]

(L-Trend) τ21 .8 0.86 0.24 0.06 0.08 0.49 0.20 -0.31 0.12
[0.48 ; 1.24] [0.24 ; 0.73]

(Q-Trend) τ22 .8 0.71 0.23 -0.09 0.09 0.39 0.17 -0.41 0.21
[0.37 ; 1.06] [0.18 ; 0.62]

τ01 0 0.00 0.05 0.00 0.00 -0.01 0.04 -0.01 0.00
[-0.10 ; 0.10] [-0.09 ; 0.06]

τ02 0 0.01 0.05 0.01 0.00 -0.01 0.04 -0.01 0.00
[-0.08 ; 0.09] [-0.08 ; 0.05]

τ12 0 0.00 0.04 0.00 0.00 0.00 0.02 0.00 0.00
[-0.09 ; 0.09] [-0.05 ; 0.04]

Table 3.1: Simulation study results for latent curve models M1 and M2 over
10 replications, using IRT and CTT-generated plausible values (N = 5, 000,
J = 10, K = 20).

(eg. ”In the last two weeks, how often did you feel down or discouraged?”, and
”In the last two weeks, how often did you feel embarrassed about your coug-
hing?”, and ”In the last two weeks, how often did you feel restless, agitated,
or tense?”). Items contained 7 ordinal response categories ranging from ”1:
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IRT CTT

Par. True Mean SD BIAS MSE Mean SD BIAS MSE
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[-0.14 ; 0.07] [-0.16 ; 0.06]

(L-Trend) γ1 .4 0.52 0.19 0.12 0.04 0.85 0.30 0.45 0.24
[0.22 ; 0.82] [0.49 ; 1.19]

(Q-Trend) γ2 .4 0.30 0.17 -0.10 0.04 -0.13 0.28 -0.53 0.32
[0.03 ; 0.57] [-0.46 ; 0.18]

Random part σ2 .5 0.49 0.01 -0.01 0.00 0.67 0.02 0.17 0.03
[0.47 ; 0.52] [0.64 ; 0.70]

(Intercept) τ20 .8 0.82 0.07 0.02 0.00 0.90 0.08 0.10 0.01
[0.70 ; 0.94] [0.77 ; 1.03]

(L-Trend) τ21 .8 0.86 0.24 0.06 0.08 0.49 0.20 -0.31 0.12
[0.48 ; 1.24] [0.24 ; 0.73]

(Q-Trend) τ22 .8 0.71 0.23 -0.09 0.09 0.39 0.17 -0.41 0.21
[0.37 ; 1.06] [0.18 ; 0.62]

τ01 0 0.00 0.05 0.00 0.00 -0.01 0.04 -0.01 0.00
[-0.10 ; 0.10] [-0.09 ; 0.06]

τ02 0 0.01 0.05 0.01 0.00 -0.01 0.04 -0.01 0.00
[-0.08 ; 0.09] [-0.08 ; 0.05]

τ12 0 0.00 0.04 0.00 0.00 0.00 0.02 0.00 0.00
[-0.09 ; 0.09] [-0.05 ; 0.04]

Table 3.1: Simulation study results for latent curve models M1 and M2 over
10 replications, using IRT and CTT-generated plausible values (N = 5, 000,
J = 10, K = 20).

(eg. ”In the last two weeks, how often did you feel down or discouraged?”, and
”In the last two weeks, how often did you feel embarrassed about your coug-
hing?”, and ”In the last two weeks, how often did you feel restless, agitated,
or tense?”). Items contained 7 ordinal response categories ranging from ”1:
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IRT CTT

Par. True Mean SD BIAS MSE Mean SD BIAS MSE

M1 Fixed part γ0 0 0.01 0.04 0.01 0.00 0.04 0.04 0.04 0.00
[-0.07 ; 0.09] [-0.04 ; 0.12]

(L-Trend) γ1 .4 0.38 0.04 -0.02 0.00 0.32 0.05 -0.08 0.01
[0.30 ; 0.47] [0.25 ; 0.40]

Random part σ2 .5 0.50 0.01 0.00 0.00 0.62 0.01 0.12 0.01
[0.49 ; 0.51] [0.61 ; 0.63]

(Intercept) τ20 .8 0.80 0.05 0.00 0.00 0.81 0.06 0.01 0.00
[0.70 ; 0.90] [0.70 ; 0.91]

(L-Trend) τ21 .8 0.77 0.06 -0.03 0.00 0.61 0.06 -0.19 0.04
[0.67 ; 0.89] [0.52 ; 0.70]

τ01 0 0.00 0.04 0.00 0.00 -0.07 0.04 -0.07 0.00
[-0.08 ; 0.07] [-0.14 ; 0.00]

M2 Fixed part γ0 0 -0.01 0.04 -0.01 0.00 0.00 0.05 0.00 0.00
[-0.09 ; 0.07] [-0.09 ; 0.09]

(L-Trend) γ1 .4 0.39 0.08 -0.01 0.00 0.61 0.12 0.21 0.05
[0.25 ; 0.53] [0.45 ; 0.76]

(Q-Trend) γ2 .4 0.44 0.08 0.04 0.00 0.08 0.12 -0.32 0.10
[0.29 ; 0.58] [-0.06 ; 0.22]

Random part σ2 .5 0.50 0.01 0.00 0.00 0.65 0.01 0.15 0.02
[0.49 ; 0.51] [0.64 ; 0.67]

(Intercept) τ20 .8 0.80 0.05 0.00 0.00 0.90 0.06 0.10 0.01
[0.70 ; 0.91] [0.78 ; 1.02]

(L-Trend) τ21 .8 0.74 0.11 -0.06 0.01 0.77 0.14 -0.03 0.02
[0.55 ; 0.94] [0.58 ; 0.96]

(Q-Trend) τ22 .8 0.86 0.12 0.06 0.02 0.35 0.13 -0.45 0.21
[0.66 ; 1.06] [0.20 ; 0.51]

τ01 0 0.00 0.04 0.00 0.00 -0.12 0.05 -0.12 0.01
[-0.08 ; 0.08] [-0.21 ; -0.03]

τ02 0 0.00 0.05 0.00 0.00 -0.06 0.04 -0.06 0.00
[-0.09 ; 0.09] [-0.12 ; 0.00]

τ12 0 0.01 0.05 0.01 0.00 0.01 0.03 0.01 0.00
[-0.09 ; 0.10] [-0.05 ; 0.07]

Table 3.2: Simulation study results for latent curve models M1 and M2 over
50 replications, using IRT and CTT-generated plausible values (N = 25, 000,
J = 50, K = 20).

Never” to ”7: All the time”. One patient was excluded who had not completed
the questionnaire on any of the measurement occasions. In order to be able
to calculate sum scores, patient measurements with incomplete observations
at a certain time point were not taken into account. Furthermore, we excluded
23 patients with only one measurement occasion from our analysis, since we
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were focused on change in COPD complaints. This led to a total sample size
of 385 patients who provided 3, 236 observations. From this set of included
patients, 163 were female and 222 were male. The IRT model that was used
for generating the scores was the graded response model, see Equation (3.2).
The discrimination parameters were fixed to 1.

The model LGM M1 (Equation (3.4)) was fitted to the data. The random
intercept, β0i, and random linear trend, β1i, were assumed to follow a multiva-
riate normal distribution, and were allowed to correlate. Time was defined in
weeks from the first observed measurement and was divided by the maximum
number of weeks from onset. As a result, the last measurement was taken
at time is 1. The first measurement at time is 0 represents the level of CRQ
emotions at the time of the first measurement in the individual patients. The
random intercept variance represents the between-subject variation in CRQ-
emotion levels at time 0. A subject-specific linear trend was specified to model
the change in CRQ emotions. LGM M2 (Equation (3.5)) was also fitted to the
data. In this model, a subject-specific quadratic time effect was added.

The proposed plausible value procedure was applied to examine differen-
ces between the use of IRT and CTT scores as outcomes in the LGMs M1
and M2. Therefore, for each model the CTT and IRT-based results were di-
rectly comparable. The parameter estimates of both LGMs with IRT and CTT-
measured outcomes are given in Table 3.3.

The results for Model 1 in Table 3.3 show that the IRT level-1 variance esti-
mate is smaller than the CTT level-1 variance estimate, since the correspon-
ding HPDs do not overlap. At the start of the study, there was more variation
in scores across patients under IRT (.80) than under CTT (.72). The group of
patients showed to be more heterogeneous at time 0 under IRT than under
CTT. Furthermore, the linear change in CRQ emotions was also more nega-
tive under IRT (−.22) than under CTT (−.16), indicating that the IRT-based
measurements showed on average a steeper decline (i.e. more COPD rela-
ted emotional problems over the full span of the study). The change in CRQ
emotions appeared to be more variable under IRT (.51) than under CTT (.41).
Finally, under IRT, slightly more negative covariance was found between the
random intercept and the trend, which shows that those with high scores at
the intake had on average a more negative decline in CRQ emotions.

When including a quadratic-time effect (Model 2), the estimated average
trend was more negative under IRT (−.27) than under CTT (−.19), where the
negative trend under CTT was no longer significantly different from 0. The esti-
mated average quadratic-time effect showed a (non-significant) deceleration of
the negative trend, which was under IRT around .06 and under CTT around
.05. When interpreting the effects, the change in measured CRQ emotions
was more negative under IRT than under CTT, but this decline decelerated
almost equally under IRT and CTT. The estimated measurement error vari-
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were focused on change in COPD complaints. This led to a total sample size
of 385 patients who provided 3, 236 observations. From this set of included
patients, 163 were female and 222 were male. The IRT model that was used
for generating the scores was the graded response model, see Equation (3.2).
The discrimination parameters were fixed to 1.

The model LGM M1 (Equation (3.4)) was fitted to the data. The random
intercept, β0i, and random linear trend, β1i, were assumed to follow a multiva-
riate normal distribution, and were allowed to correlate. Time was defined in
weeks from the first observed measurement and was divided by the maximum
number of weeks from onset. As a result, the last measurement was taken
at time is 1. The first measurement at time is 0 represents the level of CRQ
emotions at the time of the first measurement in the individual patients. The
random intercept variance represents the between-subject variation in CRQ-
emotion levels at time 0. A subject-specific linear trend was specified to model
the change in CRQ emotions. LGM M2 (Equation (3.5)) was also fitted to the
data. In this model, a subject-specific quadratic time effect was added.

The proposed plausible value procedure was applied to examine differen-
ces between the use of IRT and CTT scores as outcomes in the LGMs M1
and M2. Therefore, for each model the CTT and IRT-based results were di-
rectly comparable. The parameter estimates of both LGMs with IRT and CTT-
measured outcomes are given in Table 3.3.

The results for Model 1 in Table 3.3 show that the IRT level-1 variance esti-
mate is smaller than the CTT level-1 variance estimate, since the correspon-
ding HPDs do not overlap. At the start of the study, there was more variation
in scores across patients under IRT (.80) than under CTT (.72). The group of
patients showed to be more heterogeneous at time 0 under IRT than under
CTT. Furthermore, the linear change in CRQ emotions was also more nega-
tive under IRT (−.22) than under CTT (−.16), indicating that the IRT-based
measurements showed on average a steeper decline (i.e. more COPD rela-
ted emotional problems over the full span of the study). The change in CRQ
emotions appeared to be more variable under IRT (.51) than under CTT (.41).
Finally, under IRT, slightly more negative covariance was found between the
random intercept and the trend, which shows that those with high scores at
the intake had on average a more negative decline in CRQ emotions.

When including a quadratic-time effect (Model 2), the estimated average
trend was more negative under IRT (−.27) than under CTT (−.19), where the
negative trend under CTT was no longer significantly different from 0. The esti-
mated average quadratic-time effect showed a (non-significant) deceleration of
the negative trend, which was under IRT around .06 and under CTT around
.05. When interpreting the effects, the change in measured CRQ emotions
was more negative under IRT than under CTT, but this decline decelerated
almost equally under IRT and CTT. The estimated measurement error vari-
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Par. IRT CTT
Mean SD 95% HPD Mean SD 95% HPD

Model 1
Fixed part γ0 0.02 0.05 [-0.08;0.11] 0.00 0.05 [-0.09;0.09]
(Linear Trend) γ1 -0.22 0.06 [-0.33;-0.12] -0.16 0.08 [-0.27;-0.06]
Random part σ2 0.20 0.01 [0.18;0.21] 0.26 0.02 [0.25;0.27]
(Intercept) τ20 0.80 0.06 [0.68;0.92] 0.72 0.07 [0.61;0.84]
(Linear Trend) τ21 0.51 0.08 [0.38;0.65] 0.41 0.11 [0.29;0.54]

τ01 -0.09 0.04 [-0.18;-0.01] -0.06 0.04 [-0.13;0.01]
Model 2
Fixed part γ0 0.03 0.05 [-0.08;0.13] 0.00 0.06 [-0.10;0.10]
(Linear Trend) γ1 -0.27 0.15 [-0.54;-0.02] -0.19 0.19 [-0.49;0.10]
(Quadratic Trend) γ2 0.06 0.16 [-0.23;0.32] 0.05 0.19 [-0.26;0.35]
Random part σ2 0.20 0.01 [0.19;0.21] 0.26 0.01 [0.24;0.27]
(Intercept) τ20 0.79 0.06 [0.67;0.91] 0.72 0.06 [0.61;0.83]
(Linear Trend) τ21 0.37 0.10 [0.20;0.53] 0.30 0.16 [0.14;0.45]
(Quadratric Trend) τ22 0.20 0.08 [0.07;0.36] 0.22 0.09 [0.08;0.38]

τ01 -0.05 0.04 [-0.13;0.02] -0.04 0.04 [-0.11;0.02]
τ02 -0.03 0.03 [-0.10;0.02] -0.03 0.03 [-0.09;0.03]
τ12 0.00 0.02 [-0.04;0.04] 0.00 0.02 [-0.03;0.03]

Table 3.3: Results for LGM M1 and M2 fitted to the (COPD) CRQ-emotional
data. The estimated LGM parameters of both models are based on 5 re-scaled
plausible values using IRT and using CTT to retrieve estimates on a common
scale.

ance at level-1 was significantly higher under CTT (.26) than under IRT (.20)
since the 95 % HPD intervals do not overlap. This showed that the IRT-based
patient-specific trajectories more accurately describe the change in CRQ emo-
tions than the CTT-based patient-specific trajectories.

The variability in the estimated trajectories across patients under CTT
showed less variation in deviations from the average intake score (.72) and
from the average negative trend (.30) than under IRT (.79 and .37, respecti-
vely). The patient-specific deviations from the population-average trajectory
were smaller under CTT than under IRT, and differences between trajectories
were less apparent. The estimated variation in the quadratic effects across
patients were almost equal under both measurement models. number It was
concluded that under IRT the trajectories were better identified due to the en-
hanced differentiation between persons’ CRQ-emotion scores and the reduc-
tion in measurement error variance, when comparing them to the estimated
trajectories under CTT.
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In Figure 3.5, the two top-figures represent the population-average trajec-
tory estimates under CTT and IRT and illustrate the differences in estimated
trends for LGM M1 and M2. The time scale is represented in the real study
time, starting at week 0 up till week 320. It is apparent that under IRT a more
negative trend was estimated than under CTT. When including a quadratic
trend component, the negative trend was decelerated in the same way under
IRT and CTT.

Figure 3.5: Population-average trajectory estimates of the CRQ-emotion using
IRT and CTT for LGMs M1 and M2, and M3 and M4.

In a second analysis, a distinction was made between the population-
average trajectory of the males and females, by including an indicator variable
(i.e., Male = 0 and Female = 1) in the random effect equations of LGM M1
and LGM M2. The variable Female was included in the random intercept to
explain differences between males and females at baseline (time is 0). Fur-
thermore, cross level interactions between gender and time were investigated,
by including the variable Female as a predictor of the random trend, referred
to as model M3, and also as predictor of the random quadratic-time effect,
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referred to as model M4. The LGM M4 is given by,

θij = β0i + β1itij + β2it
2
ij + eij ,

β0i = γ00 + γ01Femalei + u0i,

β1i = γ10 + γ11Femalei + u1i,

β2i = γ20 + γ21Femalei + u2i. (3.11)

Differences between females and males in their intercept, trend, and qua-
dratic effect of the trajectory of CRQ-emotion were explored under the CTT
and IRT model. The results of LGM M3 and M4 are presented in Table 3.4.
When using IRT, females scored on average .31 points lower than males at the
intake, with a standard deviation of .10. Under CTT, females scored around
.24 points lower with a standard deviation of .09. It was concluded that the
difference in scores at the intake between males and females was more appa-
rent under IRT. From M3 follows that the estimated trajectory for the females,
labeled Female-L-Trend, showed a less steep decline in CRQ-emotion than
for the males. The less negative decline for the females was found under IRT
(.21) and CTT (.06), where the average difference between the linear trends
of the males and females was much more apparent under IRT. When conside-
ring the 95% HPD intervals, the estimated linear decline for the females was
not significantly different from zero under IRT and CTT. However, with 90%
posterior probability, it was concluded that under IRT, a negative linear trend
for the females was identified, which was not detected under CTT. Under IRT,
the variation in linear trends across patients was around .52, where a variation
of around .43 was found under CTT.

From the results of model M4 followed that under IRT, the trajectory of the
males showed a more (significantly different from 0) negative trend compared
to the trajectory of the females under IRT (males −.39 and females −.39+.23).
Under CTT, this trajectory difference between females and males was smaller
(males −.27 and females −.27 + .15), and these linear trend effects were not
significantly different from 0 under CTT. Only under IRT, significant negative
linear trends were found. It followed that under IRT a (non-significant) positive
quadratic effect was estimated, showing a deceleration of the negative trend of
around .09, where the females showed a smaller deceleration of the negative
trend of .09− .02.

In Figure 3.5, the two bottom figures represent the population-average tra-
jectories of the males and females under CTT and IRT for the LGM M3 and
M4. The lines, marked with a ♀ symbol, represent the population-average la-
tent curve for the females and the lines, marked with a ♂ symbol, represent
the latent curves for the males. The estimated quadratic trend effects were
not significant, and therefore attention is focused on differences between the
trajectories under LGM M1 and M3. The average trajectories of M1 showed a
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Par. IRT CTT
Mean SD 95% HPD Mean SD 95% HPD

Model 3
Fixed part γ00 0.16 0.06 [0.03;0.28] 0.12 0.07 [-0.01;0.23]
(Linear Trend γ10 -0.32 0.07 [-0.46;-0.18] -0.23 0.10 [-0.37;-0.09]
(Female) γ01 -0.31 0.10 [-0.49;-0.12] -0.24 0.09 [-0.42;-0.06]
(Female-L-Trend) γ11 0.21 0.11 [-0.01;0.41] 0.06 0.13 [-0.15;0.27]
Random part σ2 0.20 0.01 [0.19;0.21] 0.26 0.01 [0.25;0.28]
(Intercept) τ200 0.78 0.06 [0.66;0.90] 0.70 0.06 [0.60;0.82]
(Linear Trend) τ210 0.52 0.09 [0.39;0.66] 0.43 0.08 [0.31;0.57]

τ01 -0.09 0.04 [-0.17;-0.01] -0.06 0.04 [-0.14;0.01]
Model 4
Fixed part γ00 0.17 0.08 [0.03;0.30] 0.12 0.07 [-0.01;0.25]
(Linear Trend) γ10 -0.39 0.23 [-0.77;-0.06] -0.27 0.25 [-0.63;0.07]
(Quadratic Trend) γ20 0.09 0.24 [-0.29;0.46] 0.10 0.25 [-0.26;0.46]
(Female) γ01 -0.31 0.11 [-0.52;-0.11] -0.26 0.12 [-0.48;-0.07]
(Female-L-Trend) γ11 0.23 0.32 [-0.31;0.77] 0.15 0.43 [-0.43;0.72]
(Female-Q-Trend) γ21 -0.02 0.33 [-0.60;0.53] -0.14 0.51 [-0.74;0.45]
Random part σ2 0.20 0.01 [0.19;0.21] 0.27 0.02 [0.25;0.28]
(Intercept) τ20 0.78 0.06 [0.66;0.90] 0.71 0.06 [0.60;0.82]
(Linear Trend) τ21 0.34 0.09 [0.17;0.51] 0.22 0.09 [0.09;0.36]
(Quadratic trend) τ22 0.21 0.09 [0.07;0.37] 0.22 0.08 [0.08;0.38]

τ01 -0.05 0.04 [-0.13;0.02] -0.02 0.03 [-0.08;0.03]
τ02 -0.03 0.03 [-0.10;0.02] -0.02 0.03 [-0.08;0.03]
τ12 0.00 0.02 [-0.04;0.04] 0.00 0.02 [-0.03;0.03]

Table 3.4: Estimates of LGM M3 and M4, which include gender-specific trend
and quadratic trend effects using IRT and CTT-generated plausible values.

less conservative linear trend under IRT than under CTT. When including dif-
ferences between males and females in LGM M3, under IRT it became more
apparent, compared to CTT, that the males showed a negative linear trend
in CRQ-emotions, where the females showed a less negative trend. Under
IRT, the males scored on average much higher at intake than the females, but
due to differences in the average negative trends, score differences between
males and females were much smaller at the end of the study. Under CTT,
the differences across time were less apparent between males and females,
since the trends of the males and females were more alike than under IRT.
This makes the CTT-based latent curves (dashed lines) less pronounced.

The variation of the random effects in Model M4 shows that there was
more variation estimated between patient’s intake scores under IRT than un-
der CTT. Also, the variation in patient-specific linear trends was higher under
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Par. IRT CTT
Mean SD 95% HPD Mean SD 95% HPD

Model 3
Fixed part γ00 0.16 0.06 [0.03;0.28] 0.12 0.07 [-0.01;0.23]
(Linear Trend γ10 -0.32 0.07 [-0.46;-0.18] -0.23 0.10 [-0.37;-0.09]
(Female) γ01 -0.31 0.10 [-0.49;-0.12] -0.24 0.09 [-0.42;-0.06]
(Female-L-Trend) γ11 0.21 0.11 [-0.01;0.41] 0.06 0.13 [-0.15;0.27]
Random part σ2 0.20 0.01 [0.19;0.21] 0.26 0.01 [0.25;0.28]
(Intercept) τ200 0.78 0.06 [0.66;0.90] 0.70 0.06 [0.60;0.82]
(Linear Trend) τ210 0.52 0.09 [0.39;0.66] 0.43 0.08 [0.31;0.57]

τ01 -0.09 0.04 [-0.17;-0.01] -0.06 0.04 [-0.14;0.01]
Model 4
Fixed part γ00 0.17 0.08 [0.03;0.30] 0.12 0.07 [-0.01;0.25]
(Linear Trend) γ10 -0.39 0.23 [-0.77;-0.06] -0.27 0.25 [-0.63;0.07]
(Quadratic Trend) γ20 0.09 0.24 [-0.29;0.46] 0.10 0.25 [-0.26;0.46]
(Female) γ01 -0.31 0.11 [-0.52;-0.11] -0.26 0.12 [-0.48;-0.07]
(Female-L-Trend) γ11 0.23 0.32 [-0.31;0.77] 0.15 0.43 [-0.43;0.72]
(Female-Q-Trend) γ21 -0.02 0.33 [-0.60;0.53] -0.14 0.51 [-0.74;0.45]
Random part σ2 0.20 0.01 [0.19;0.21] 0.27 0.02 [0.25;0.28]
(Intercept) τ20 0.78 0.06 [0.66;0.90] 0.71 0.06 [0.60;0.82]
(Linear Trend) τ21 0.34 0.09 [0.17;0.51] 0.22 0.09 [0.09;0.36]
(Quadratic trend) τ22 0.21 0.09 [0.07;0.37] 0.22 0.08 [0.08;0.38]

τ01 -0.05 0.04 [-0.13;0.02] -0.02 0.03 [-0.08;0.03]
τ02 -0.03 0.03 [-0.10;0.02] -0.02 0.03 [-0.08;0.03]
τ12 0.00 0.02 [-0.04;0.04] 0.00 0.02 [-0.03;0.03]

Table 3.4: Estimates of LGM M3 and M4, which include gender-specific trend
and quadratic trend effects using IRT and CTT-generated plausible values.

less conservative linear trend under IRT than under CTT. When including dif-
ferences between males and females in LGM M3, under IRT it became more
apparent, compared to CTT, that the males showed a negative linear trend
in CRQ-emotions, where the females showed a less negative trend. Under
IRT, the males scored on average much higher at intake than the females, but
due to differences in the average negative trends, score differences between
males and females were much smaller at the end of the study. Under CTT,
the differences across time were less apparent between males and females,
since the trends of the males and females were more alike than under IRT.
This makes the CTT-based latent curves (dashed lines) less pronounced.

The variation of the random effects in Model M4 shows that there was
more variation estimated between patient’s intake scores under IRT than un-
der CTT. Also, the variation in patient-specific linear trends was higher under
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IRT than under CTT. We concluded that the estimated individual trajectories
differed much more using IRT than CTT. It was shown that using the CTT sco-
res (based on aggregated scores ignoring differences in response patterns)
leads to less individual variation and a more conservative population-average
trajectory compared to using all response information (IRT scores).

3.7.2 RCT on Coping With Low Back Pain

The second example concerns an RCT on the effectiveness of two different
treatments for non-specific low-back pain (Heymans et al., 2006a,b). The ori-
ginal study included 299 patients, who were randomly assigned to one of two
intervention conditions, referred to as intervention A and B, or to the control
condition. All patients were measured for four measurement occasions and
the sub-scale ”passive coping” of the Pain Coping Inventory (PCI) (Kraaimaat
and Evers, 2003) was used as outcome variable. The sub-scale contains 21
items with four ordered response categories, which reflects three cognitive-
behavioral strategies, assessing behavioral tendencies to restrict functioning
(resting, five items), to avoid environmental stimuli (retreating, seven items)
and catastrophic cognitions about the pain (worrying, nine items) (Kraaimaat
and Evers, 2003). A total of three patients reported incomplete questionnaires
on the four measurement occasions, and were excluded from the analysis. A
total of 42 patients who only filled out the questionnaire on one of the occasi-
ons were also excluded. This led to a total of 254 patients that were eligible for
latent growth modeling of measured PCI-passive using IRT (Equation (3.2))
and CTT.

Intervention A was given to 88 patients, intervention B to 81 patients and
the control condition to 85 patients. A time variable was defined, where time
was coded in months from the first wave and divided by 12 months. Time 0
represented the baseline measurement of PCS, and time 1 represented the
last wave (at 12 months after baseline).

A linear and quadratic LGM model was fitted, according to LGM M2, which
is represented in Equation (3.5). The same typical pattern was found as in the
cohort study on COPD, see Table 3.5 for the results.

The population-average trajectory had a negative linear change, which
was decelerated by a positive quadratic trend effect. Furthermore, when com-
paring the IRT-based population trajectory to the CTT-based population trajec-
tory, it can be seen that the trend in PCI-passive was more negative and the
deceleration was more positive and significant under IRT. The CTT-based po-
pulation trajectory showed a less dynamic change, where the measurement
at baseline was lower and the change was more flat over the study period.
The estimated variability across patient-specific trajectories in the linear and
quadratic trends (1.26 and .65, respectively) was much higher than under CTT
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IRT CTT

Mean SD HPD Mean SD HPD

Fixed part γ00 0.52 0.05 [0.42;0.60] 0.39 0.07 [0.28;0.50]
(Linear Trend) γ10 -1.76 0.18 [-2.09;-1.45] -0.98 0.37 [-1.38;-0.58]
(Quadratic Trend) γ20 0.83 0.16 [0.53;1.12] 0.16 0.34 [-0.22;0.53]
Random part σ2 0.18 0.02 [0.15;0.21] 0.37 0.04 [0.32;0.42]
(Intercept) τ200 0.35 0.05 [0.26;0.44] 0.52 0.08 [0.38;0.66]
(Linear Trend) τ210 1.26 0.63 [0.38;2.32] 0.35 0.30 [0.05;0.92]
(Quadratic Trend) τ220 0.65 0.45 [0.11;1.45] 0.32 0.25 [0.05;0.79]

τ01 0.26 0.11 [0.05;0.45] -0.05 0.15 [-0.35;0.20]
τ02 -0.14 0.10 [-0.32;0.04] 0.01 0.15 [-0.23;0.28]
τ12 -0.64 0.51 [-1.72;-0.06] -0.23 0.27 [-0.96;0.00]

Table 3.5: Results for LGM M2 for IRT and CTT, given the 21 item PCI data
administered on 4 occasions.

(.35 and .32, respectively). The estimated level-1 variance and variation in ba-
seline measurements was higher under CTT than under IRT. This showed that
the baseline measurements were more alike, and during the intervention, the
trajectories of PCI differed more under IRT than under CTT. Again, under IRT
more individualized trajectories were estimated, where changes in PCI were
more apparent across patients and time. A strong negative correlation (−.64
and −.23 for IRT and CTT, respectively) was estimated between the linear and
quadratic trend, indicating that large (small) negative trends were decelerated
by large (small) positive quadratic trends.

Under IRT, more variance in the outcomes was explained by differences in
individual trends over time and less variance was attributed to measurement
error variance and to time-invariant score differences across individuals. The
estimated individual variation in linear and quadratic trends was much larger
under IRT than CTT, while the measurement error variance and the random
intercept variance were lower. We concluded that under IRT more of the va-
riance was explained by the random linear and quadratic trend components
than under CTT.

In the next step of the latent growth modeling, baseline and cross-level
intervention effects were added to the model. The intervention variable was
re-coded using the effect coding scheme given in Table 3.6, where the control
(reference) group was assigned the value −1 and the parameter estimates
for both the treatment A and treatment B group were used to estimate the
intervention effects of the control group. In Model M5, in Equation (3.12), the
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IRT CTT

Mean SD HPD Mean SD HPD

Fixed part γ00 0.52 0.05 [0.42;0.60] 0.39 0.07 [0.28;0.50]
(Linear Trend) γ10 -1.76 0.18 [-2.09;-1.45] -0.98 0.37 [-1.38;-0.58]
(Quadratic Trend) γ20 0.83 0.16 [0.53;1.12] 0.16 0.34 [-0.22;0.53]
Random part σ2 0.18 0.02 [0.15;0.21] 0.37 0.04 [0.32;0.42]
(Intercept) τ200 0.35 0.05 [0.26;0.44] 0.52 0.08 [0.38;0.66]
(Linear Trend) τ210 1.26 0.63 [0.38;2.32] 0.35 0.30 [0.05;0.92]
(Quadratic Trend) τ220 0.65 0.45 [0.11;1.45] 0.32 0.25 [0.05;0.79]

τ01 0.26 0.11 [0.05;0.45] -0.05 0.15 [-0.35;0.20]
τ02 -0.14 0.10 [-0.32;0.04] 0.01 0.15 [-0.23;0.28]
τ12 -0.64 0.51 [-1.72;-0.06] -0.23 0.27 [-0.96;0.00]

Table 3.5: Results for LGM M2 for IRT and CTT, given the 21 item PCI data
administered on 4 occasions.

(.35 and .32, respectively). The estimated level-1 variance and variation in ba-
seline measurements was higher under CTT than under IRT. This showed that
the baseline measurements were more alike, and during the intervention, the
trajectories of PCI differed more under IRT than under CTT. Again, under IRT
more individualized trajectories were estimated, where changes in PCI were
more apparent across patients and time. A strong negative correlation (−.64
and −.23 for IRT and CTT, respectively) was estimated between the linear and
quadratic trend, indicating that large (small) negative trends were decelerated
by large (small) positive quadratic trends.

Under IRT, more variance in the outcomes was explained by differences in
individual trends over time and less variance was attributed to measurement
error variance and to time-invariant score differences across individuals. The
estimated individual variation in linear and quadratic trends was much larger
under IRT than CTT, while the measurement error variance and the random
intercept variance were lower. We concluded that under IRT more of the va-
riance was explained by the random linear and quadratic trend components
than under CTT.

In the next step of the latent growth modeling, baseline and cross-level
intervention effects were added to the model. The intervention variable was
re-coded using the effect coding scheme given in Table 3.6, where the control
(reference) group was assigned the value −1 and the parameter estimates
for both the treatment A and treatment B group were used to estimate the
intervention effects of the control group. In Model M5, in Equation (3.12), the
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baseline and interaction effects are added to detect modifications of the linear
and quadratic trend due to the intervention.

Effect A Effect B

control group -1 -1
treatment A 1 0
treatment B 0 1

Table 3.6: Effect coding schema used to estimate the effects for the treatment
conditions.

θij = β0i + β1itij + β2it
2
ij + eij ,

β0i = γ00 + γ01EffectA+ γ02EffectB + u0i,

β1i = γ10 + γ11EffectA+ γ12EffectB + u1i,

β2i = γ20 + γ21EffectA+ γ22EffectB + u2i. (3.12)

The LGM M5, in Equation (3.12), contains the effects for treatment A and
treatment B, and random linear and quadratic trend components. The para-
meter estimates for the control condition were constructed using the MCMC
chains of the parameters for Effect A and Effect B, since the sum of the ef-
fects were equal to zero. The intercept can be interpreted as a constant value
representing the grand mean across all measurements. The effects for the
treatment and the control groups represent the overall difference between the
grand mean and the group effect. The parameter estimates for both the IRT
and CTT model of LGM M5 are represented in Table 3.7.

The intervention started after the baseline measurement, and there were
also no significant differences in scores across the treatment groups measured
at the intake. That is, the main effects of the treatments were all not signifi-
cantly different from 0 under IRT and CTT. This verified the random assign-
ment of individuals to treatment groups, and avoided any pre-existing group
differences before the start of the study.

When considering the linear trend, it can be seen that the average li-
near trend is negative and around −1.79 under IRT and around −.71 under
CTT. For intervention group A, the decline was even (significantly) steeper and
around −1.79 − .70, under IRT. This additional decline for intervention group
A was not detected under CTT. Under IRT, a less steep decline was measu-
red for the other treatment groups, around −1.79 + .39 for treatment group B,
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and around −1.79 + .30 for the control group, which were not significant with
95% posterior probability. It was concluded that for none of the intervention
groups the average linear trend was modified under CTT, where a significant
modification of the average linear trend was detected for the treatment group
A under IRT. Thus, under IRT a significant cross-level interaction was detected
for intervention group A with the time component, which was not found under
CTT.

When considering the quadratic trend, a more extreme difference in pat-
terns was found between IRT and CTT. Under IRT, a population-average qua-
dratic trend was estimated of around .86, which decelerated the linear trend.
A significant modification of the average quadratic trend was found for the dif-
ferent treatment groups, where intervention group A showed a strong positive
(significantly different from 0) deceleration of the linear trend of around .55,
and intervention group B and the control group an acceleration of the linear
trend of around −.36 and −.19, respectively. The cross-level interaction ef-
fect of intervention group B was only identified with 90% posterior probability,
and the effect for the control group was not significantly different from 0. Un-
der CTT, the estimated effect of the average quadratic trend component was
around −.08 and not significantly different from 0. The estimated cross-level
interaction effects did not show a significant modification of the average qua-
dratic trend for any of the treatment groups. It was concluded that under CTT
a population-average quadratic trend effect was not found. Finally, when con-
sidering the individual variation in trajectories, it can be seen that under IRT a
random individual variation in linear and quadratic trends of around 1.30 and
.64 was measured, which were smaller and around .43 and .37 under CTT,
respectively. Furthermore, under IRT a negative covariance was found bet-
ween the random intercept and the quadratic trend, and the linear trend and
quadratic trend. Under IRT, those with a high score at baseline were more
likely to show a more negative linear trend, and those with a more negative li-
near trend were more likely to show a higher deceleration of this trend. These
patterns were not identified under CTT, where only a linear trend was identified
which did not correlate with the random intercept.

The predicted population-average trajectories for each treatment group un-
der IRT and CTT are given in Figure 3.6. It can be seen that under CTT
the trajectories of the treatment groups run parallel (i.e., no cross-level in-
teraction between the intervention and the trend) and they show a common
small acceleration of the decline at the third measurement occasion. The tra-
jectory patterns are different under IRT, where the intervention groups score
on average higher at the intake and have different negative trends. Further-
more, intervention group A shows a positive deceleration of the negative trend
at the third measurement occasion, where the intervention group B shows a
non-significant acceleration of the negative trend. It is clear that a cross-level
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and around −1.79 + .30 for the control group, which were not significant with
95% posterior probability. It was concluded that for none of the intervention
groups the average linear trend was modified under CTT, where a significant
modification of the average linear trend was detected for the treatment group
A under IRT. Thus, under IRT a significant cross-level interaction was detected
for intervention group A with the time component, which was not found under
CTT.

When considering the quadratic trend, a more extreme difference in pat-
terns was found between IRT and CTT. Under IRT, a population-average qua-
dratic trend was estimated of around .86, which decelerated the linear trend.
A significant modification of the average quadratic trend was found for the dif-
ferent treatment groups, where intervention group A showed a strong positive
(significantly different from 0) deceleration of the linear trend of around .55,
and intervention group B and the control group an acceleration of the linear
trend of around −.36 and −.19, respectively. The cross-level interaction ef-
fect of intervention group B was only identified with 90% posterior probability,
and the effect for the control group was not significantly different from 0. Un-
der CTT, the estimated effect of the average quadratic trend component was
around −.08 and not significantly different from 0. The estimated cross-level
interaction effects did not show a significant modification of the average qua-
dratic trend for any of the treatment groups. It was concluded that under CTT
a population-average quadratic trend effect was not found. Finally, when con-
sidering the individual variation in trajectories, it can be seen that under IRT a
random individual variation in linear and quadratic trends of around 1.30 and
.64 was measured, which were smaller and around .43 and .37 under CTT,
respectively. Furthermore, under IRT a negative covariance was found bet-
ween the random intercept and the quadratic trend, and the linear trend and
quadratic trend. Under IRT, those with a high score at baseline were more
likely to show a more negative linear trend, and those with a more negative li-
near trend were more likely to show a higher deceleration of this trend. These
patterns were not identified under CTT, where only a linear trend was identified
which did not correlate with the random intercept.

The predicted population-average trajectories for each treatment group un-
der IRT and CTT are given in Figure 3.6. It can be seen that under CTT
the trajectories of the treatment groups run parallel (i.e., no cross-level in-
teraction between the intervention and the trend) and they show a common
small acceleration of the decline at the third measurement occasion. The tra-
jectory patterns are different under IRT, where the intervention groups score
on average higher at the intake and have different negative trends. Further-
more, intervention group A shows a positive deceleration of the negative trend
at the third measurement occasion, where the intervention group B shows a
non-significant acceleration of the negative trend. It is clear that a cross-level
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IRT CTT
Mean SD HPD EAP SD HPD

Fixed part γ00 0.52 0.05 [0.43;0.60] 0.36 0.07 [0.24;0.47]
(Effect A) γ01 0.06 0.07 [-0.06;0.19] -0.05 0.09 [-0.21;0.10]
(Effect B) γ02 0.02 0.07 [-0.11;0.14] 0.07 0.11 [-0.09;0.23]
(Control) -0.13 0.13 [-0.38;0.11] 0.11 0.16 [-0.21;0.43]

(Linear Trend) γ10 -1.79 0.17 [-2.1;-1.47] -0.71 0.28 [-1.11;-0.33]
(Effect A-L-Trend) γ11 -0.70 0.25 [-1.16;-0.26] -0.03 0.31 [-0.58;0.52]
(Effect B-L-Trend) γ12 0.39 0.25 [-0.07;0.84] -0.01 0.53 [-0.57;0.54]
(Control-L-Trend) 0.30 0.23 [-0.15;0.74] 0.04 0.28 [-0.51;0.58]

(Quadratic Trend) γ20 0.86 0.16 [0.56;1.14] -0.08 0.24 [-0.45;0.29]
(Effect A-Q-Trend) γ21 0.55 0.23 [0.13;0.95] 0.03 0.31 [-0.50;0.54]
(Effect B-Q-Trend) γ22 -0.36 0.22 [-0.77;0.06] 0.02 0.51 [-0.52;0.53]
(Control-Q-Trend) -0.19 0.21 [-0.60;0.22] -0.04 0.26 [-0.56;0.47]

Random part σ2 0.18 0.02 [0.15;0.21] 0.33 0.05 [0.29;0.38]
(Intercept) τ200 0.33 0.05 [0.25;0.42] 0.54 0.08 [0.40;0.68]
(Linear Trend) τ210 1.30 0.55 [0.46;2.28] 0.43 0.35 [0.06;1.12]
(Quadratic Trend) τ220 0.64 0.36 [0.14;1.33] 0.37 0.31 [0.06;0.95]

τ01 0.30 0.12 [0.11;0.48] 0.01 0.16 [-0.29;0.27]
τ02 -0.18 0.10 [-0.35;-0.01] -0.05 0.14 [-0.30;0.21]
τ12 -0.64 0.43 [-1.58;-0.10] -0.27 0.32 [-1.16;0.00]

Table 3.7: Results for Model M5 on the 21 item PCI-passive questionnaire
administered on 4 occasions. Effect coding was used to estimate the baseline
treatment effects and the cross-level interaction treatment effects.

interaction between the intervention and the trend is only apparent for the IRT-
based trajectories and not for the CTT-based trajectories.

3.8 Discussion

In the present paper, we compared using IRT scores and CTT scores when
estimating LGMs in several situations. It was shown that IRT performs much
better than CTT in all situations. The simulation study showed that the LGM
using CTT-based health measurements led to a systematic bias in the growth
parameter estimates, which was not detected using IRT based measurements.
The major difference between IRT and CTT is that CTT is based on an aggre-
gate score, which leads to loss of information, since differences in response
patterns leading to the same sum score are ignored. IRT recognizes diffe-
rences in response patterns. When the items differ in their level of difficulty,
each unique response pattern leads to a unique person score. It is shown that
the aggregate score under CTT for health measurements does not utilize all
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Figure 3.6: Population-average trajectories of the PCI-passive measurement
according to LGM M5 given the parameter estimates presented in Table 3.7

response information.
In a simulation study, a comparison was made between the bias in para-

meter estimates for the non-linear growth model combined with an IRT and a
CTT measurement model. The parameter estimates based on IRT modeling
are much closer to the true values than the CTT-based estimates over the li-
near and quadratic growth models. An explanation for this difference is that
when the sum-scores (CTT) are used, much of the variance is discarded from
the data. When using CTT, systematic bias was found in the estimated growth
parameters and an increase in the residual variance in measurements across
time. This increase in residual variation across individual measurements led
to a reduction in the variation in individual linear trends and diminished the
magnitude of the population-average trend.

These differences were found using a simultaneous estimation method for
a hierarchical LGM model, where the measurement model (IRT or CTT) defi-
nes the level-1 part of the model and the LGM the higher-level part. The LGM
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Figure 3.6: Population-average trajectories of the PCI-passive measurement
according to LGM M5 given the parameter estimates presented in Table 3.7

response information.
In a simulation study, a comparison was made between the bias in para-

meter estimates for the non-linear growth model combined with an IRT and a
CTT measurement model. The parameter estimates based on IRT modeling
are much closer to the true values than the CTT-based estimates over the li-
near and quadratic growth models. An explanation for this difference is that
when the sum-scores (CTT) are used, much of the variance is discarded from
the data. When using CTT, systematic bias was found in the estimated growth
parameters and an increase in the residual variance in measurements across
time. This increase in residual variation across individual measurements led
to a reduction in the variation in individual linear trends and diminished the
magnitude of the population-average trend.

These differences were found using a simultaneous estimation method for
a hierarchical LGM model, where the measurement model (IRT or CTT) defi-
nes the level-1 part of the model and the LGM the higher-level part. The LGM
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can be viewed as a multilevel model, and subsequently, the posterior mean of
the latent variable under IRT is a weighted average of the response informa-
tion (including the item difficulty parameters) and the LGM information. Un-
der CTT this posterior mean is a weighted average of the sum score and the
LGM information, which ignores response pattern differences leading to the
same sum score. The mentioned differences between IRT and CTT will not
be found in a cross-sectional study, where the data strictly follows the Rasch
model (Rasch, 1960) and conditional maximum likelihood estimation is used.
In that case, the latent variable estimates (construct scores) do not differ for
IRT and CTT, and the sum score is considered a sufficient statistic. Further-
more, the two-parameter normal ogive model from Equation (3.1), equivalent
to the two-parameter logistic model, becomes the Rasch (one-parameter) mo-
del in the special case that the discrimination parameters are equal to one. As
described in section 3.6.1, discrimination parameters for the simulation study
were set to one not to disadvantage the CTT model. In IRT modeling howe-
ver, we still used the information of the item difficulties. This information is not
incorporated in the CTT model (Lord et al., 1968, pp 151-172). A possibility
to improve the CTT scores further is to use a factor analysis of the polycho-
ric correlations to resemble the IRT scores more closely. However, the focus
of the presented research was on comparing the influence of the commonly
used CTT model with the IRT model. The main objective of the comparison
was to investigate the effects of the measurement-model choice on the LGM
parameter estimates and not on the IRT and CTT parameter estimates.

Although it is more realistic to assume non-linearity for modeling health
over time, a quadratic trend component in the individual trajectories was so-
metimes not identified under CTT. Furthermore, the estimated effects of pre-
dictor variables explaining differences in trajectories were biased, partly due
to the increase in residual variation. Across all non-zero parameter values of
model M1 and M2, under CTT, the parameters showed an average bias of
46% (condition 1) and 30% (condition 2) compared to an average bias of 8%
(condition 1) and 4% (condition 2) under IRT. It can be concluded that IRT
utilizes all response information in contrast to CTT, and this led to substantial
differences in the latent growth analysis, when comparing it to the CTT-based
analysis. Although bias was also expected for more complex models with
higher-order polynomials, such as random cubic time effects, the simulation
results showed convergence issues for several chains and these results were
therefore not used in the comparison.

A diagonal covariance matrix was used for the errors in the LGM, assu-
ming conditional independence between successive measurement errors on
the same patient. The random effects specifying the latent growth trajectory
define the intra-patient correlation across measurements, and conditionally on
these effects the measurement errors were assumed to be independent. In
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longitudinal research, this assumption may not hold when for instance the cor-
relation between the measurements appear to be stronger between the first
measurement occasions and decreases as the time interval increases. Future
research could focus on comparing the use of IRT scores and sum scores in
a LGM with a more advanced covariance error structure as an autoregressive
or a toeplitz covariance pattern model.

A plausible value technique was proposed to obtain health scores and
LGM estimates on a common scale, while using different (level-1) measure-
ment models. This straightforward approach utilizes the possibility to re-scale
plausible values to a specific metric. In the current study, plausible values for
health measurements were transformed to obtain estimates of latent growth
parameters on a common scale, while using IRT and CTT to measure health.
The method can be applied to other models, where health measurements
are used as outcomes. This will enable researchers to investigate differen-
ces in statistical outcomes caused by using different measurement models.
The technique of re-scaling latent variable measurements to obtain a common
scale analysis was easily embedded within the plausible value technique. This
procedure contributes to the method of plausible values and makes it useful to
accommodate scale differences. More research is needed to investigate whe-
ther the re-scaling of latent variable measurements can also be embedded in
other estimation methods as for instance the EM algorithm, where the E-step
to render predicted values for the latent variable(s) can be modified.
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Abstract

In randomized controlled trials (RCT), outcome variables are often patient re-
ported outcomes (PRO) measured with questionnaires. Ideally, all available
item information is used for score construction, which requires an item res-
ponse theory (IRT) measurement model. However, in practice, the classical
test theory measurement model (sum scores) is mostly used, and differences
between response patterns leading to the same sum score are ignored. The
enhanced differentiation between scores with IRT enables more precise esti-
mation of individual trajectories over time, and group effects. The objective
of this study is to show the advantages of using IRT scores instead of sum
scores when analyzing RCT’s. Two studies are presented, a real life RCT,
and a simulation study. Both IRT and sum scores are used to measure the
construct and are subsequently used as outcomes for effect calculation. The
bias in RCT results is conditional on the measurement model that was used
to construct the scores. A bias in the estimated trend of around one standard
deviation was found when sum scores were used, where IRT showed negli-
gible bias. Accurate statistical inferences are made from an RCT study when
using IRT to estimate construct measurements. The use of sum scores leads
to incorrect RCT results.

Adapted from: Gorter, R., Fox, J-P, Apeldoorn, A., & Twisk, JWR. (2015) Measurement
model choice influenced RCT results, Journal of clinical epidemiology, 79:140-149.
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4.1 Introduction

Patient reported outcome (PRO) measures are often used as primary or se-
condary outcomes in randomized controlled trials (RCT’s) within epidemiologi-
cal and medical research. For measuring the PROs, multi-item questionnaires
can be used. Examples are quality of life (Chan et al., 2015), maternal stress
(Dunton et al., 2015), and social anxiety (Hofmann et al., 2015). Repeatedly
administered questionnaires are often used to estimate intervention effects.

Before the effects of RCT’s can be estimated, we need to generate sco-
res based on the patient’s item responses. Scores are mostly constructed
choosing one of two main measurement modeling traditions, classical test the-
ory (CTT) (i.e., sum scores) or item response theory (IRT) modeling.

An important dissimilitude in the way IRT and sum scores are constructed
is that the lower level response patterns contain more information as oppo-
sed to sum scores. The pattern holds information about the specific items on
which the patient chose a higher or lower answering category. By utilizing this
information, we obtain more accurate estimates of the construct scores. Res-
ponse patterns can show differences between individuals, although leading to
the same sum score. IRT makes it possible to take into account these diffe-
rences when constructing the scores. Hence, discrimination between subjects
becomes more easy. This is manifested in a higher between person variance
(Fox, 2003).

Besides this, in IRT a response pattern specific measurement error is com-
puted. This is important because not all scores can be estimated with the
same precision. Some response patterns are less likely to occur. For example,
consider a response pattern where the response to one item is high and to
other items low, while not explained by the difficulty of this item. This would be
a less likely response pattern compared to other possibilities and therefore the
uncertainty associated with the latent trait is higher. The measurement error
differs per response pattern in IRT modeling. Therefore, score estimates are
more accurate, leading to more precise effect estimates.

After the score construction using either IRT or sum scores, the effects
can be estimated. As a summary score for example, the mean and the vari-
ance could be used for both methods. However, it should be mentioned that
IRT and CTT make different use of individual data. An important assumption
when using parametric models for effect estimation in RCT’s (e.g. regression/-
multilevel analysis) is normality of the residuals. When IRT is used for score
construction, a normal distribution for the latent variable is implied. The score
construction with sum scores makes no assumption on the distribution. As
a result, the IRT scores will meet the assumptions of the model used for the
effect estimation better.

Despite the advantages of using IRT, in practice sum scores are often used
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in the analysis. In the current paper, the differences between IRT and the use
of sum scores will be addressed by comparing the RCT results on the effecti-
veness of a classification system for assigning interventions to low back pain
patients. Next, a simulation study uncovers the magnitude of the bias in effect
estimates and shows directly the influence of the choice for a measurement
model.

4.2 A randomized controlled trial on low back pain

4.2.1 Empirical data

The data were obtained from a RCT on the comparison of a classification-
based treatment approach to usual physical therapy care for patients with sub-
acute (6-12 weeks) and chronic (> 12 weeks) low back pain (Apeldoorn et al.,
2010, 2012). In the original study, 156 patients with sub-acute and chronic low
back pain, measured on baseline and on maximal three follow up occasions
were included in the original study. For the current study, the 6 patients with
only one measurement occasion were excluded from the analysis. The data
contained 1.00% missing item scores within the questionnaire and these were
imputed using expectation maximization. The main outcome variable was the
Oswestry Disability Index (ODI) (Fairbank and Pynsent, 2000; Fairbank, 2007)
an index derived from the Oswestry Disability Questionnaire (ODQ) (Fairbank
et al., 1980). The ODQ has been one of the most commonly used disease
specific measures for patients with low back pain. The item scores, ranging
from 0 to 5, are added over the ten items and multiplied by 2. A higher score
on the ODI indicates a more severe disability caused by low back pain. The
intervention variable was dichotomous with patients randomly assigned to ei-
ther the classification system or usual care physical therapy with both groups
consisting of 71 and 79 patients respectively at the baseline measurement.
The average scores and the number of patients that were measured on the
four time-points are listed in Table 4.1.

4.2.2 Method

The first step in analyzing the RCT data is to generate scores for the measu-
red construct, i.e. low back pain, using a measurement model. The construct
score can be perceived as missing data, and the item scores as observed
data. Instead of a fixed parameter estimate, draws from the posterior score
distributions are used. This procedure is called Plausible values (PV) techno-
logy, and takes into account the uncertainty associated with the scores (Mars-
man et al., 2016; von Davier et al., 2009; Glas et al., 2009; Asparouhov and
Muthén, 2010). To generate scores, the latent outcome variable, θij , is treated
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Time in weeks 0 8 26 52

intervention group N 71 68 73 75
Mean 38.59 32.74 31.00 29.64
SE 11.21 1.35 13.45 11.25

Control group N 79 71 64 67
Mean 41.32 36.42 33.48 34.05
SE 14.33 14.29 15.78 15.86

Table 4.1: Mean and standard errors (SE) of the ODI scores

as missing and five draws from the posterior distribution are made. This num-
ber of draws was based on suggestions in the missing data literature (Rubin,
1987; Little and Rubin, 2002; Van Buuren, 2012).

Both IRT and sum score based draws of PV’s were generated for the ODI
low back pain questionnaire. For estimating the IRT construct scores, the
graded response model or the ordinal probit model for polytomous respon-
ses(Lord et al., 1968; Samejima, 1969; Albert, 1992) was used to describe
the relation between the latent variable and the observed item scores. The
probability for individual i measured on time point j with an underlying latent
variable θij answering in a certain category c (c = 1, ..., Ck) on item k is given
by

p
(
yijk = c|θij , ak, τk

)
= Φ

(
akθij − τkc−1

)
− Φ

(
akθij − τkc

)
(4.1)

where Φ denotes the standard normal cumulative distribution function. The
τkc are the Ck − 1 threshold parameters indicating the location on the latent
scale for θij where the probability of choosing one of two adjacent categories is
equal. The response categories are ordered as −∞ < τk1 ≤ τk2 ≤ τk3 < ∞.
The discrimination parameter, ak, indicates factor loading of an item k and
was set to one. In this way, the assumptions of the model are closer to the as-
sumptions that the sum score model makes regarding the item characteristics.

In order to control for scale differences, the sum score based PV’s as well
as the IRT based PV’s were rescaled to the scale of θij following the proce-
dure described by Gorter, Fox, and Twisk (2015). This important step enables
a direct comparison between the parameter estimates based on sum scores
and IRT scores and allows investigation of the influence of the different mea-
surement models on the final results of the trial analysis.
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After generating the scores using a measurement model, the second step
is to specify the model in which the effects are estimated. In the current study,
three different multilevel models were specified to describe the difference bet-
ween the intervention and control group and the development of ODI over time.
In multilevel modeling, the variance is decomposed into a within and a between
subject part, taking into account that the measurements within patients over
occasions are correlated.

In the first model that was fit to the IRT and sum scores, the intervention
effect on average over time was estimated. The model contained a random
intercept and a fixed slope effect for intervention.

θij = β0i + eij

β0i = γ00 + γ01interventioni + u0i, (4.2)

Model M1 is given in Equation 4.2, where θij indicates the score for the
ith patient measured on time point j. The parameter β0i denotes the random
intercept, γ00 can be interpreted as the intercept in the control (usual care)
group, and γ01 represents the mean difference between the intervention (clas-
sification based care) group and the control group on average over time. Both
error terms were normally distributed with eij ∼ N(0, σ2), and uij ∼ N(0, τ2).
The latent growth model representation (Curran and Muthén, 1999; Muthén,
1997) of Model M1 is given in Figure 4.1.

In the second model, the individual trend for each member of the popu-
lation was investigated. The model contained a random intercept, β0i, and a
random slope for time, β1i.

θij = β0i + β1itimeij + eij

β0i = γ00 + u0i

β1i = γ10 + u1i (4.3)

The random intercept β0i in Model M2 in Equation 4.3 can be interpreted
as the expected value for patient i at the start of the study. The random coeffi-
cient for linear growth, γ10, gives the estimated impact of 20 weeks time diffe-
rence on θij . The point were time is 0 is the latent ODI score, θij , on the base-
line measurement. The variances of the level-2 random effects are denoted by
var(u0i) = τ20 , and var(u1i) = τ21 , and the covariances by cov(u0i, u1i) = τ01.
The representation of this latent variable growth model is given in Figure 4.2.

In the third model, the change of the intervention effect over time was
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Figure 4.1: Model M1. Latent variable model describing the relations between
the latent variable θij for patients i measured on j occasions with a random
intercept, β0i, and an intervention effect, γ01.

investigated.

θij = β0i + β1itimeij + eij

β0i = γ00 + γ01interventioni + u0i

β1i = γ10 + γ11interventioni + u1i, (4.4)

The model described in Equation (4.4) contains a random intercept, β0i, and a
fixed slope effect for intervention, γ01, that can be interpreted as the difference
between the control and the intervention group at the beginning of the study.
Also, the model contains a random slope effect for time, β1i, and an interaction
effect for time with intervention, γ11. The variances and covariances in the
random part of the model are defined as in the second model. The model is
given in the Figure 4.3 using the latent curve model representation (Muthén
and Muthén, 2010; Preacher et al., 2008; Skrondal and Rabe-Hesketh, 2004;
Bollen and Curran, 2006).

After the effects for the RCT are estimated using Model M1, M2, and M3
(Equation (4.2), (4.3), and (4.4)) for all five draws of PV’s, the estimates are
pooled by averaging over the five estimates.
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Figure 4.2: Model M2. Latent variable model with a random intercept, β0i, and
a random slope for time, β1i

.

In order to test the null hypothesis that a parameter equals zero, the 95%
highest posterior density (HPD) regions were calculated for all coefficients by
averaging over the sampled values of the posterior distribution (Fox, 2005;
Held, 2004), and pooling over the five draws of PV’s. These HPD’s can be in-
terpreted as the lower and upper limit of the region that contains the parameter
estimate with a probability of .95 (Box and Tiao, 1992).

4.2.3 Results

The pooled results (expected a posteriori (EAP)) based on the IRT and sum
scores are listed in Table 4.2 with their corresponding 95% HPD regions. Over-
all models and parameters, large differences were found between the estima-
tes depending on the measurement model that was used for calculating the
scores. We can compare the estimates in Table 4.2 directly, since the scores
were placed on the same scale using the plausible values. All differences in
the effect estimates for the RCT are attributable to the differences in how IRT
and sum scores are constructed.

Looking at M1, the intercept, γ00, can be interpreted as the average score
for the control group over all time points. About half of the variation in the data
is accounted for by the changes within individuals indicated by the intra class
correlation (ICC) coefficient. We find that the variance estimates, σ2 and τ20
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Figure 4.3: Model 3. A latent growth model with a random intercept, random
slope for time, the intervention effect, and the interaction between time and the
intervention effect.

are lower when sum scores are used. The ICC is slightly higher when sum
scores are used, indicating that more variance is attributed to level-2. Fur-
thermore, we find no significant treatment effect, γ01, on average over all time
points. However, the IRT based estimate for the treatment effect is stronger
compared to the sum score estimate.

In the second model (M2), the average score over all patients on the ba-
seline measurement is represented by the intercept, γ00. We investigated the
linear development over time, a significant negative trend in ODI-scores was
found for both measurement models. This negative trend shows a large va-
riation over persons which is indicated by the decrease in level-1 variance
compared to the level-1 variance in the first model. The IRT based estimates
showed a higher score at baseline and much stronger decline (more then twice
as strong) of the ODI-scores. The covariance between the random effects, τ201,
was not significantly different from zero indicating that the random effects are
more or less independent of each other. The covariance was estimated higher
as well when IRT scores were used.

In M3, the intercept, γ00, is the average score of the control group on



78 Measurement model influences in RCT’s

IRT PV sum score PV

EAP(SD) 95% HPD EAP(SD) 95% HPD

Model M1
Fixed part
γ00Intercept .122(.105) [-.071;.347] .106(.091) [-.079;.276]
γ01(I) -.244(.152) [-.546;.052] -.217(.132) [-.477;.041]

Random part
σ(Level-1 var) .707(.049) [.614;.806] .480(.033) [.415;.545]
τ0(Level-2 var) .688(.104) [.493;.896] .521(.077) [.377;.674]
ICC .493 .521

Model M2
Fixed part
γ00Intercept .401(.068) [.268;.532] .198(.068) [.064;.331]
γ10(time) -.378(.044) [-.465;-.293] -.186(.034) [-.253;-.120]

Random part
σ(Level-1 var) .444(.036) [.375;.515] .402(.031) [.344;.463]
τ0(Level-2 var) .429(.078) [.283;.586] .469(.081) [.318;.629]
τ1 .165(.031) [.107;.226] .063(.014) [.038;.091]
τ01 .090(.034) [.021;.154] .002(.026) [-.052;.050]

Model M3
Fixed part
γ00Intercept .466(.093) [.280;.646] .330(.092) [.147;.509]
γ01(I) -.138(.136) [-.408;.122] -.223(.134) [-.487;.037]
γ10(time) -.341(.059) [-.459;-.227] -.211(.046) [-.302;-.121]
γ11(I*time) -.073(.086) [-.245;.093] .000(.067) [-.132;.132]

Random part
σ(Level-1 var) .414(.034) [.349;.481] .391(.030) [.334;.451]
τ0(Level-2 var) .454(.080) [.306;.615] .452(.078) [.303;.606]
τ1 .166(.030) [.109;.227] .064(.014) [.039;.092]
τ01 .090(.034) [.022;.156] .007(.025) [-.046;.054]

Table 4.2: The IRT and sum score based estimates for model M2 and M3
using the low back pain trial data. Time is modeled as time in weeks/20 with
time is 0 at baseline. The expected a posteriori (EAP) are the estimates for
the different coefficients and are listed together with their standard deviations
(SD), and the 95% highest posterior density (HPD) interval.
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using the low back pain trial data. Time is modeled as time in weeks/20 with
time is 0 at baseline. The expected a posteriori (EAP) are the estimates for
the different coefficients and are listed together with their standard deviations
(SD), and the 95% highest posterior density (HPD) interval.
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baseline. The fixed effect for the interaction between time and intervention
(γ11) in M3 was not significant, but estimated less strong when sum scores
were used. No significant difference between the intervention and the control
group at the beginning of the study was found in the estimates for γ01. In M2
and M3 the sum score based level-1 variance was higher, compared to the
IRT based estimate indicating that more variance was attributed to be within
patients.

In Figure 4.4, the regression lines for M3 are plotted for both the IRT scores
and sum scores and the experimental and control condition based on the re-
gression coefficients from Table 4.2. From Figure 4.4 we can see that the sum

Figure 4.4: Trend lines based on the regression coefficients of Model 3

score based trend (dashed line) is more flat compared to the IRT score based
trend (full line) for both the experimental and the control group. The interaction
effect was lower for the sum score based estimates resulting in more parallel
lines for the intervention and control group whereas the stronger interaction
causes the lines to drift apart more when time increases. In M3, a positive
covariance between intercept and slope was found when using the IRT based
estimates. This indicates that the patients who score initially higher on the ODI
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(i.e., larger intercept) improved at a slower rate (i.e., less pronounced negative
slopes), visualized by the non-parallel trend lines.

4.3 Simulation study

The simulation study was based on the trial data example described in the
previous section (4.2) and the same three models were used.

4.3.1 Methods

In the simulation study, the two parameter normal ogive model as described
in Equation (4.1) was used for generating the scores. The values for θij were
drawn from a standard normal distribution. We chose the threshold parame-
ters to such a degree that the latent responses were divided into 6 categories
(Fox, 2005). The discrimination parameter was set to one ak = 1 for all items.
The generated data sets consisted of 150 participants (J = 150), measu-
red on four time points answering to ten items (K = 10) with six answering
categories (C = 6).

Data were generated using the three models as described in Equation
(4.2), (4.3), and (4.4). The true values for the parameters were chosen based
on the results from the trial data that was described in section 4.2 and are
listed in Table 4.3 in the third column named ”true”Âğ. Time was given the
values t = 0, 1, 2, 3. Five data sets were generated for all three models.

4.3.2 results

In Table 4.3, the results of the simulation study are listed. The pooled parame-
ter estimates (EAP) with their standard errors (SE) as well as the 95% highest
posterior density intervals, the bias and the mean squared errors (MSE) are
given for both the IRT and sum score based parameter estimates.

Overall, the results from the simulation study show that the MSE was larger
for all almost all parameter estimates based on sum scores compared to the
MSE in the IRT estimates. In the fixed part of the models, the differences were
the largest for the time effect estimate, γ10. For example, the bias for the time
effect in Model 2 was more than 50 times as high for the sum score estimate
compared to the IRT score estimate. In the random part of the models, the
bias was also very large in the sum score based variance estimates.

4.4 Discussion

In our current study we illustrated the influence of the measurement model on
the the parameter estimates when analyzing RCT data. First, an empirical
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IRT score sum score

true EAP(SD) 95% HPD BIAS MSE EAP(SD) 95% HPD BIAS MSE

Model M1
Fixed part
γ00 .1 .077(.072) [-.102;.252] -.023 .005 .068(.058) [-.112;.232] -.032 .004
γ01 -.2 -.096(.100) [-.346;.145] .104 .019 -.079(.104) [-.323;.158] .121 .023
Random part
σ2 .5 .503(.055) [.438;.569] .003 .002 .577(.025) [.503;.654] .077 .006
τ20 .5 .467(.058) [.335;.606] -.033 .004 .420(.065) [.295;.555] -.080 .010
ICC .481 .421

Model M2
Fixed part
γ00 .4 .433(.069) [.315;.548] .033 .005 .346(.071) [.195;.493] -.054 .007
γ10 -.25 -.251(.069) [-.348;-.156] -.001 .004 -.193(.066) [-.284;-.105] .057 .007
Random part
σ2 .3 .315(.035) [.266;.366] .015 .001 .588(.055) [.498;.681] .288 .085
τ20 .3 .313(.051) [.195;.438] .013 .002 .460(.059) [.271;.662] .160 .028
τ21 .3 .298(.041) [.220;.382] -.002 .001 .196(.023) [.130;.267] -.104 .011
τ01 0 .015(.039) [-.061;.083] .015 .001 -.010(.033) [-.082;.089] .010 .001

Model M3
Fixed part
γ00 .4 .422(.108) [.214;.626] .022 .010 .300(.146) [.044;.551] -.100 .027
γ01 -.2 -.181(.203) [-.471;.103] .019 .033 -.166(.293) [-.522;.185] .034 .070
γ10 -.25 -.295(.110) [-.466;-.129] -.045 .012 -.213(.137) [-.364;-.064] .037 .016
γ11 0 .042(.170) [-.196;.274] .042 .025 .033(.194) [-.179;.239] .033 .031
Random part
σ2 .5 .553(.056) [.467;.643] .053 .005 .895(.235) [.761;1.034] .395 .200
τ20 .4 .422(.076) [.240;.615] .022 .005 .603(.165) [.348;.881] .203 .063
τ21 .4 .439(.117) [.018;.568] .039 .012 .255(.061) [.165;.351] -.145 .024
τ01 0 .000(.058) [-.118;.106] .000 .003 .007(.059) [-.117;.114] .007 .003

Table 4.3: Results of simulation study for model M1-M3 with the IRT score and
sum score based estimates. The true values are listed along with the pooled
expected a posteriori (EAP), their corresponding standard deviation (SD), and
95% the highest posterior density interval (HPD).

data example, i.e. a low back-pain RCT was analyzed to show the different
results when IRT scores or sum scores were used. In addition, we performed
a simulation study based on the results from the trial on low back pain to
show the magnitude of the bias in both IRT and sum score based parameter
estimates. Because the same multilevel models were used for analyzing the
IRT scores as well as the sum scores, all the differences that are found in the
trial effects are attributable to the difference between how IRT scores and sum
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scores are constructed.
Unbiased scores resulting from the IRT measurement model resemble the

true score more closely and thus will the true latent difference between groups
be more accurate, regardless of the direction of the bias in the sum score mo-
del. The results of both studies confirm that IRT was to be preferred over the
use of sum scores. In the introduction it was hypothesized that the differences
between the IRT and sum scores would be expressed by differences in the
amount of variation. To be more specific, the IRT scores were assumed to
discriminate better between persons because lower level item information is
used to estimate the score on a continuous scale. This leads to more varia-
tion between persons as compared to the sum scores. In the empirical data
example we saw this hypothesis confirmed for the between person variance,
which was estimated higher when IRT scores were used. Furthermore, there
was a clear difference in the way time trends varied over persons. The IRT
trends tend to cover a larger range and thus showing more variation between
the individual trajectories.

The estimated intervention effects differed as well, although none of the
effects were statistically significant. The sum score average intervention effect
over time (Model 1) was higher (less strong) compared to the IRT score in-
tervention effect. An explanation could be that the variation between persons
is lower (CTT) causing the trends to show less variation. Patients show more
similarity in both the intervention and the control group. The larger difference
between the intervention and the control group (IRT) could be caused by the
lower between-person variance. Patients’ scores within the control group show
uniformity as do the scores within the treatment group, causing the average
treatment effect to be higher (less strong). When we compare the interaction
between time and treatment (γ11 in Model M3, Table 4.2), we found that the
IRT trend for the intervention is larger compared to the sum score.

We further hypothesized that because of the higher variance, it would be
easier to discriminate between persons, resulting in more precision in the pa-
rameter estimates. We see this confirmed by the results of the simulation
study where the IRT variance estimates are closer to the true values compa-
red the sum score estimates. Looking at the results for the time trend in Model
2 (Table 4.3) we found that the difference between the intervention effects over
time, and the true value was much smaller for the IRT scores compared to the
sum scores. The more realistic variance estimates led to better parameter
estimates.

When model comparison is at hand, normally one would choose informa-
tion criteria like the Bayesian information criterion (BIC), or Akaike’s informa-
tion criteria (AIC). In the current study, these criteria could not be used, since
these criteria are only feasible for models fit to the same data. When different
measurement models (IRT or CTT) are used to generate scores for the latent
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trait, the data sets are no longer the same. If we would use for instance the
mean squared error (MSE) to calculate the distance between the data and the
model, the CTT based MSE would be lower, since there is less variation in
the data, and thus less discrepancies between a fitted model and the data.
This however does not indicate that the CTT based model is better. It is a
simplification of the data and will lead to more biased regression coefficients
compared to IRT.

The models that we investigated in the current study all entailed a linear
trend over time. This choice was made to resemble the practice of RCT mode-
ling. The decrease in ODI-scores is stronger in the first weeks of the study as
compared to the later weeks and a quadratic term could possibly give a bet-
ter representation of the data. In low back pain research, in general, effects
are stronger in the first episode (6 weeks) of treatment followed by smaller im-
provements or even opposite effects as compared to later in the study (Artus
et al., 2010). It would be interesting to investigate non-linear trends as well.
Because the focus of the present study was on analyzing RCT’s and not on
curve modeling we did not include these higher order terms.

The IRT model that was used for generating values for the latent variable
was a graded response model (also called the ordinal probit model) for polyto-
mous scored items with the discrimination parameters restricted to one. This
model was chosen in order to keep the comparison between IRT and sum
score based scores as fair as possible without giving the IRT model the ad-
vantage of utilizing the discrimination parameters to obtain better estimates for
the latent variable. When the Rasch model fits the data, the sum score is assu-
med to be a sufficient statistic for the ability. In the current paper however, we
showed that for repeated measurements in an RCT setting, the parameter esti-
mates are more biased when sum scores are used. Another possibility would
be to use a two parameter normal ogive model in the case of dichotomous
item responses, or a graded response IRT model for ordinal items (Samejima,
1969; Fox, 2005) where the discrimination parameters are estimated without
restriction. The graded response model is more flexible and can give a more
truthful representation of the data characteristics. It is to be expected that the
differences between the IRT and sum score estimates will become even larger
when the item discrimination parameters are estimated as well.

Other advantages of IRT modeling, which we did not show in the current
paper are the handling of missing item responses, and the possibility to ana-
lyze unbalanced designs. Besides that, the distribution of the sum score is
assumed to be normal, which is often not true. In IRT, the distribution of the
construct is normal, which can be conditional on item-specific differences in
discrimination and difficulty. However, in the case where the population item
parameters are used to estimate person-parameters in a specific sample, the
trait estimate can deviate from normality. Furthermore, in IRT modeling it is
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possible to use short and longer versions of the same questionnaire in one
sample of patients and still being able to construct valid scores for the latent
variable.

Swartz et al. 2011 described the challenges and new developments for
the measurement of change. In their paper they mention how IRT modeling
can be a useful method for evaluating PRO measures. In the current paper we
showed the advantages of using IRT modeling for analyzing PRO measures in
longitudinal RCT’s by directly comparing IRT and sum scores in terms of the
regression coefficients. The method that was developed to compare both IRT
and sum scores could provide insight in how to deal with measuring change
in PRO measures. By fixing the latent PRO scale to a predefined scale on
which the minimal important difference (MID) is defined, direct comparison
between effect measures becomes possible because by using IRT modeling,
the estimates are no longer population dependent.

The use of IRT modeling could be an addition to the guidance for industry
regarding PRO measures (Food and Drug Administration, 2009). The model
that was presented in the current paper can be an interesting new direction for
the analysis of clinical trials and industry could benefit from the advantages of
using multilevel IRT models in practice.

4.4.1 Limitations and directions for future research

It should be realized that in our simulation study, only one condition was in-
vestigated. It is however reasonable to assume that the differences between
the IRT and sum score based estimates would become even larger when we
would alter the number of items, number of participants, and the distribution of
the latent variable. We showed this in an earlier simulation study (Gorter et al.,
2015) where the effect of 264 different conditions on the differences between
IRT and CTT was investigated. In that study we found that the CTT based
variance estimates became gradually more biased when the amount of items
and/or the sample size was reduced. The skewness of the distribution also
had an influence on the bias; the more skewed, the more bias in the variance
estimates. Furthermore we found that the parameter estimates in the more
extreme conditions were more biased. The results of the simulation paper
however are not completely comparable because the model we used in the
current paper is extended for the analysis of RCT data. It is to be expected
that the influence of more extreme situations on the difference between IRT
and sum score based estimates will be in the same direction as was presen-
ted in this paper for one condition.

In the current paper, we did not look into different situations with respect
to the item properties. We generated item parameters that are close to the
assumptions of the CTT model to ensure comparability of the structural model
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parameters. It is to be expected that when the item parameters are varied, the
CTT model will give more bias with respect to the variance and effect estima-
tes. If for example the threshold parameters are more extreme, the sum score
distribution will become more skewed and the structural model parameters
based on the sum scores become more biased.

The simulated data sets were generated from the population in which the
graded response model holds. This gives an advantage to the estimation of
the same model in the sampled data sets in the simulation study. To minimize
the impact of using this model, we choose the parameterization that closely
resembles the assumptions of the sum score model (the discrimination para-
meters were fixed to one).

The generalizability of the RCT on low back pain that was presented as
in the current study does not hold for all RCT situations. For example, in
RCT’s on rare diseases where sample sizes are small, it can be difficult to
estimate the effects. In this situation, Bayesian modeling provides promising
solutions. Previous evidence can be used as a prior and combined with the
new evidence and incorporated in the model. Also, Bayesian adaptive designs
provide solutions for this type of design requires smaller sample sizes. It would
be interesting to investigate the possibility of using Bayesian IRT modeling, like
the model we presented in the current study, and explore the value for studies
on rare diseases.

In the current study we found that the influence of using IRT was most pro-
minent in the regression coefficients that model the linear development of the
latent trait over time. This model is not strictly necessary when estimating the
effect of intervention in an RCT, however it provides information regarding the
nature of the development over time of the outcome variable. The details of the
differences between IRT and sum score based estimates for development over
time in more complex models and under various conditions is yet to be esta-
blished more precisely. Results of such an inquiry will have a strong influence
on the interpretation of and conclusions on growth effects when multi-item
questionnaires are used to construct scores for a latent variable.

Conclusion When estimating longitudinal effects in RCT’s where the
outcome variable is measured using a multi-item questionnaire it is better to
use IRT scores instead of sum scores for estimating the effects.
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88 Missing item responses in latent growth analysis: IRT vs CTT

Abstract

In medical research, repeated questionnaire data is often used to measure
and model latent variables across time. In the current paper, through a novel
imputation method a direct comparison is made between latent growth ana-
lysis under Classical Test Theory (CTT) and Item Response Theory (IRT),
while also including effects of missing item responses. For CTT and IRT, by
means of a simulation study the effects of item missingness on latent growth
parameter estimates are examined given longitudinal item response data. Se-
veral missing data mechanisms and conditions are evaluated in the simulation
study. The additional effects of missingness on differences in CTT- and IRT-
based latent growth analysis are directly assessed by rescaling the multiple
imputations.The multiple imputation method is used to generate latent variable
and item scores from the posterior predictive distributions to account for mis-
sing item responses in observed multilevel binary response data. It is shown
that a multivariate probit model, as a novel imputation model, improves the la-
tent growth analysis, when dealing with missing at random (MAR) in CTT. The
study also shows that the parameter estimates for the latent growth model
using IRT show less bias and have smaller MSE’s compared to the estimates
using CTT.

Adapted from: Gorter, R., Fox, J.-P., Eekhout, I., Heymans, M.W., & Twisk, J.W.R. (prepared
for submission), Missing item responses in latent growth analysis: IRT versus CTT.
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5.1 Introduction

Multi-item questionnaires are often used for measuring latent variables, such
as depression or quality of life. Item-level data is collected using question-
naires, scale scores are computed, and they are considered measurements
of a construct. For example, the Beck Depression Inventory (BDI-II) is used
to measure symptoms of depression (Beck et al., 1961), the NEO Persona-
lity Inventory (NEO-PI-3) to measure the Big Five personality traits (McCrae
et al., 2005), and the Brief Pain Inventory (BPI) to measure pain severity and
interference (Cleeland, 1989). The computation of construct scores requires a
measurement model to relate the item responses to the underlying latent trait.
Item Response Theory (IRT) or Classical Test Theory (CTT) is used to com-
pute latent variable scores given observed item-level data (Lord et al., 1968).

When analyzing the development over time of the latent variable for in-
stance by applying a latent growth model, the measurement model, i.e. ei-
ther IRT or CTT, can highly influence the results (Gorter et al., 2015). For a
longitudinal study on complete data, parameter estimates of a repeated me-
asurements model were directly compared using multiple imputations for the
latent variable from a posterior predictive distribution under an IRT and a CTT
model. They showed that the posterior predictive distribution for the latent
variable scores, constructed under an IRT model performed much better in re-
trieving the true parameter values than the predictive distribution constructed
under a CTT model. It was shown that IRT utilizes all response pattern in-
formation, which leads to more heterogeneous latent variable scores than the
sum scores constructed under CTT, reducing the bias in parameter estimates
(Gorter et al., 2015).

In this approach, the (multiple imputed) latent variable scores were used as
outcomes in a longitudinal data analysis. They were considered missing data
and multiple imputation was used to deal with them in the statistical analy-
sis. Under each measurement model (IRT and CTT), a predictive distribution
for the latent variable score was defined in accordance with the data. Mul-
tiple imputations were drawn from the posterior predictive distribution given
the observed data. Then, the complete data sets were analyzed and pooled
parameter estimates were obtained given imputed latent variable scores as
outcomes. In practice, in longitudinal studies using multi-item questionnaires
basically missing data can occur in two ways: 1) missing data on individual
level, i.e. subjects miss the whole measurement and 2) missing data on item
level. Missing data on item level can occur when participants refuse to ans-
wer sensitive items, inadvertently skip items, or skip items that do not apply to
them. Item-level missing data can bias test results and requires careful hand-
ling to make correct statistical inferences (Eekhout et al., 2014). Furthermore,
it is well-known that missing data on individual level is not really a big problem
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and can be handled by using a multilevel approach (Twisk, 2013). Missing
data on item-level, however, is a big problem. One of the often used solutions
to deal with this problem, i.e. averaging the available items to compute a scale
score, result in bias (Mazza et al., 2015; Schafer and Graham, 2002; Eekhout
et al., 2015). The handling of item-level missing data is necessary to avoid a
loss in power due to missing item scores and to utilize all observed item-level
data in the analysis. So, next to dealing with unknown latent variable scores,
it is also necessary to deal with missing scores on one or more scale items.
Therefore, the earlier mentioned IRT approach of Gorter et al. (Gorter et al.,
2015) is generalized to account for missing item-level data.

The proposed procedure will enable direct comparison of the results from
a latent growth model under CTT and IRT-generated imputations for the latent
variable. In order to make the comparison possible, posterior predictive dis-
tributions are derived for the item response data under CTT and under IRT
to generate multiple imputations. Then, latent growth models are estimated
using imputed latent variable scores as outcomes, while accounting for item-
level missing data. The proposed multiple imputation scheme is used to as-
sess differences in latent growth model estimates given IRT and CTT-based
multiple imputations as outcomes.

In the present study, the influence of missing item-level data on the growth
model estimates are examined under different missing data mechanisms. A
missing at random (MAR) mechanism is investigated, which has been exten-
sively studied in scale analysis (e.g. Sijtsma and van der Ark, 2003; Enders,
2003; Huisman, 2000), and is the utmost possibility under the presented mo-
del. An analysis based on the MAR assumption can produce consistent esti-
mates under a MAR or missing completely at random (MCAR) mechanism and
can increase power relative to an MCAR-based analysis (e.g., listwise or pair-
wise deletion). When assuming MAR in latent growth analysis, it is expected
that the probability of missing responses is explained by the repeatedly asses-
sed longitudinal latent variable, which constitutes the response data as well as
the covariate information. When conditioning on the longitudinal latent varia-
ble, and given an adequate fit of the IRT model, it is reasonable to assume that
the probability of missing a response is independent of the missing response
itself. In the situation where the available item scores only measure a part of
the latent variable, the MAR assumption will not hold. Then, without controlling
for the latent variable, the probability of missing a response depends on the
missing response and the missing data mechanism is missing not at random
(MNAR).

When analyzing longitudinal data with latent variables, IRT or CTT based
methods can be used as measurement models. In the IRT-based analysis, the
multiple imputation is operationalized by the posterior predictive distribution of
the item responses and by the posterior predictive distribution of the longitudi-
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nal latent variable. The IRT model is defined at the level of item scores, which
facilitates the construction of a posterior predictive distribution for the missing
item responses. As a result of the repeated measurements, the data has a
nested structure; i.e. the measurements on multiple occasions are nested
within participants. This multilevel information is included in the generation of
the latent variable scores by including the latent growth model for the latent va-
riable in the construction of the posterior predictive distribution. This is in line
with the multiple imputation method for binary multilevel data of Quartagno
and Carpenter (2016) and Audigier et al. (2017). The multilevel approach can
also be used to deal with an unbalanced design, where participants have been
measured on different occasions and the number of measurements per parti-
cipant is different. For instance, when missing data appears if the participant
skips a measurement occasion, there is often sufficient information to estimate
the average effects (Twisk et al., 2013).

Missing item scores cause a problem in CTT modeling, since scores com-
puted from the available item scores result in bias (Mazza et al., 2015; Schafer
and Graham, 2002). Furthermore, the CTT model is defined at an aggregate
data level and not at the level of item scores, which makes the CTT model
not useful as an imputation model for item missings. Without a sum score, it
is also not possible to define a random effect in order to define a multilevel
imputation model for the missing item scores. Therefore, a multivariate probit
model is proposed as an imputation model for the binary item scores. This
multivariate probit model represents a marginal CTT model, where the true
score is integrated out. From this model, a posterior predictive distribution for
the responses can be defined, since it is defined at the level of observations.
The marginal CTT model also preserves the multilevel structure of the data
(i.e., responses nested within subjects), which is represented by the covari-
ance structure, where the mean term can include the growth modeling part
for the latent variable score. Therefore, the corresponding posterior predictive
distribution for the item scores takes into account the uncertainty that is asso-
ciated with the missingness and the individual trajectory of the latent variable
over time to prevent inconsistency of the trend due to missing values.

The multivariate probit model as an imputation model differs from recently
developed approaches based on the generalized linear mixed effects model
(e.g. Quartagno and Carpenter, 2016; Jolani et al., 2015; Resche-Rigon and
White, 2016; Audigier et al., 2017), since dependencies between item respon-
ses, nested in the same response pattern, are directly modeled in the probit
model and not through a random effects structure. The imputation model dif-
fers from the analysis model that is used for calculating the effects. Note that
the local stochastic independence still holds for the imputation model. When a
response pattern contains only a few item responses, the random effects can-
not be accurately measured and random effect differences across persons will
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be small, leading to homogeneous predictions across persons. The multivari-
ate probit model will allow for more heterogeneity across persons in possible
response values by avoiding conditioning on an unreliable and poorly discri-
minating random effect measurement. We developed a MCMC algorithm to
facilitate the imputation of item responses and latent variable scores under
IRT and CTT from their posterior predictive distributions.

The developed imputation method is used in the current study in different
simulation studies to examine the effects of missing data on latent growth pa-
rameter estimates, given longitudinal latent variables as outcomes measured
using IRT or CTT. It is shown that the CTT model will lead to bias in the latent
growth parameter estimates, which describe the shape of estimated growth
trajectories. Furthermore, the use of the CTT model for measuring the longi-
tudinal outcome variables will also lead to less individual variance in growth
trajectories of the latent variable. In the first study, under CTT, predictive mean
matching is used to impute missing item scores, which ignores the trend in
the longitudinal latent variable scores, and will lead to bias in the growth pa-
rameter estimates. Next, to be able to include a trend in the measurements,
the multivariate probit model is proposed to impute missing values to impute
CTT scores, when the missing data mechanism is MAR. Subsequently, a more
extreme missing data situation is considered, where the differences between
the missing data probabilities for participants with a lower latent variable level
differ more severely from participants with a higher latent variable score, and
up till 50-70% of the responses in a response pattern can be missing. The
findings of the simulation studies are illustrated in an example data set on the
longitudinal development of low back pain (Heymans et al., 2006a).

In the next section, the considered latent growth model is introduced. A
brief introduction is given of both measurement models, IRT and CTT, and
their properties are discussed. Then, the posterior predictive distributions are
given of the latent variable scores and item scores, under each measurement
model, to construct a multiple imputation method for the missing data. In a
simulation study, different MAR-based missing data mechanisms are conside-
red. They are analyzed using the proposed multiple imputation method to ob-
tain latent growth estimates on a common scale under different measurement
models. In the presence of missing data, the implications of using sum-scores
as measurements of latent variables in latent growth modeling is shown. Fur-
thermore, a direct comparison is made with IRT-based multiple imputations.
Subsequently, findings of the simulation study are illustrated in a real data
study on coping with low back pain. Finally, conclusions and a discussion is
given of the findings.
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5.2 Methods

The considered latent growth model and both measurement models are shortly
discussed. Subsequently, to construct a multiple imputation method, the pos-
terior predictive distributions of the latent variable scores and the item respon-
ses are presented under each measurement model.

5.2.1 Latent Growth Model

The latent growth model describes the changes in the latent variable given
predictor variables and occasion-specific measurement information. Consider
the following growth model for repeated measurements of a latent variable θij
for subject i and measurement occasion j,

θij = β0i + β1itij + eij

β0i = γ0 + u0i

β1i = γ1 + u1i, (5.1)

where tij is the jth value for the measurement occasion for patient i, and eij ∼
N(0, σ2) and ui ∼ N(0,T), and where T is a matrix with diagonal elements
τ20 and τ21 and covariance parameter τ01. The random effects are assumed
to be multivariate normally distributed with covariance matrix T. Parameter
γ0 is the population intercept, which represents the average latent variable
score across persons on the measurement occasion where time equals zero.
In most cases, the first measurement occasion corresponds with time point
zero such that the random intercept variance, τ20 , can be interpreted as the
between-subject variation in latent variable scores across subjects. Parameter
γ1 is the linear trend in the population, and represents the linear change in the
latent variable across time. Variance parameter τ21 on level two represents
the variation in subject-specific trends across time. The random intercept and
random slope are allowed to correlate, where τ01 is the covariance between
the two random effects. The common error variance at level one is denoted
by σ2 and it represents the deviation between the subject-specific linear trend
and the latent variable measurements.

5.2.2 Measuring Latent Variables

A measurement model is required in order to measure the latent variable sco-
res given categorical item response data. Two main methods are available
to model the relation between observed categorical item responses and the
latent variable. In CTT modeling, the (aggregate) sum-score is used as a me-
asurement of the latent variable score. A true score ϑij is assumed, the the-
oretical construct value, which is never observed. The observed sum-score is
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assumed to be equal to the true score plus an error term. When also assuming
normally distributed errors, the CTT model is given by

yij = ϑij + eij (5.2)

where eij ∼ N
(
0, σ2

ϑ

)
, and yij =

∑
k yijk/K is the average score over K item

responses. The measurement error variance is assumed to be equal across
persons. One characteristic of the CTT model is that the model is defined at
the level of latent variable scores, while the observations are defined at the
item level. Therefore, differences between response patterns leading to the
same sum score are ignored in measuring the latent variable score. This loss
of information in determining the latent variable scores leads to less variability
in scores, when comparing it to the variability in observed response patterns.
Another characteristic is that missing item responses lead directly to missing
sum scores, since sum scores cannot be determined from an incomplete res-
ponse pattern. The handling of missing item responses is further complicated,
since the measurement model is defined at the level of latent variable scores.
Therefore, a different model is needed to generate imputations for the missing
item scores. It is important to use an imputation model to preserve the original
relationships between the variables in the dataset.

In IRT modeling, the latent variable θij is related to the item responses, and
all information in the item response pattern can be utilized to estimate a latent
variable score. The relation between the latent variable and observed item
responses is modeled through a generalized random effects model, where the
latent variable is represented by a random effect. The combination of the IRT
model with a latent growth model to model the latent variable can be viewed as
a generalized multilevel model. For dichotomous items for instance, a normal
ogive model can be used to model the probability of patient i to give a positive
response (Yijk = 1) to item k on measurement occasion j, which is given by

P (Yijk = 1 | θij , ak, bk) = Φ (akθij − bk) , (5.3)

where Φ is the normal cumulative distribution function and ak and bk are the
discrimination and the location parameter of item k, respectively (Fox, 2005;
Embretson and Reise, 2000). Latent variable θij denotes the latent trait for
patient i at measurement occasion j. The item response observations are
modeled by the IRT model (level one), and the patient-specific latent varia-
bles are modeled by the latent growth model (level two (time) and level three
(patients)). The IRT model utilizes all available response information to mea-
sure the latent variable, where the variability in response patterns across time
and persons, is represented in the variability across measured latent variable
scores. The IRT model will also be used to generate multiple imputations (for
complete as well as for incomplete data), since the model provides a posterior
predictive distribution for each item response.
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A population model can also be defined for the item parameters ak and
bk. When assuming that the items in the tests are related, specifically when
they relate to the same item, a multivariate distribution can be assumed for
the discrimination and difficulty parameters. The log-transformation is used
for the discrimination parameters to restrict their values to be positive, then
the multivariate distribution for the item parameters ak and bk is given by,

p (log(ak), bk) ∼ N
(
(µa, µb)

t ,ΣI

)
,

where ΣI is the covariance matrix of each item’s parameters, and µa and µb

are the average item discrimination and item location of the population of test
items. In a Bayesian modeling approach, prior distributions are specified for
the hyper prior parameters, µa,µb and ΣI ,

µa, µb ∼ N
(
0, σ2

I

)

Σ−1
I ∼ W (νI ,ΛI) ,

where σ2
I can be specified to be large to represent an uninformative prior. The

parameter νI is often small but greater or equal to two, and ΛI is an identity
matrix to define an uninformative prior.

5.2.3 Multiple Imputation Methods for Latent Variables Given In-
complete Response Data

Multiple imputation is a common way to deal with missing values and is ba-
sed on missing data principles (Rubin, 1987). The multiple imputations are
generated from the posterior predictive distribution of the latent variable to
obtain a complete data set, treating the latent variable as missing data. All
available information is used to construct the posterior of the latent variable.
Samples from the posterior predictive distribution are made for patients given
background characteristics in order to obtain (plausible) latent variable scores.
Five sets of imputations are drawn to address the uncertainty associated with
the latent variable scores.

Without missing item responses, multiple imputations can directly be gene-
rated from the posterior predictive distributions defined under the CTT or IRT
model. The multiple imputations, also referred to as plausible values (Mars-
man et al., 2016; von Davier et al., 2009), have the advantage over single
point estimates that uncertainty associated with the latent variable scores is
included in the estimation of the latent growth parameters. The multiple im-
putations are used to obtain unbiased estimates of the latent growth parame-
ter estimates. Standard methods can be used to estimate growth parameters
(e.g. multilevel modeling), when multiple imputations are used for the latent
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variable. When the data are collected through a complex sampling design,
multiple imputations can be used to obtain correct standard deviations.

The multiple imputations are not restricted to a specific scale. The multi-
ple imputations generated for the latent variable can be linearly transformed
to any particular scale, for which the mean and variance can be freely speci-
fied. Results of latent growth parameter estimates, given the imputations deri-
ved from different posterior predictive distributions, can be directly compared,
when transforming the generated imputations to a common scale. Therefore,
a linear scale transformation can be applied to obtain results of a latent growth
analysis on a common scale, while using posterior predictive distributions de-
fined under different models (e.g., CTT and IRT).

5.2.4 IRT-based Posterior Predictive Distributions

For a longitudinal IRT model, the posterior predictive distribution of the latent
variable θij is constructed from the latent growth model and the IRT model.
When considering the latent growth model to describe the pattern of change
of the latent variable, multiple imputations are generated for the longitudinal
latent variables. The multiple imputations can be generated from the posterior
predictive distribution of the latent variable. Let Ωij denote the set of latent
growth parameters, Ωij =

{
γ,β, σ2,T

}
for patient i and occasion j. Then,

for the IRT model, the posterior predictive distribution of the latent variable θij
is given by

g (θij | yij ,Ωij ,a, b) ∝ p (yij | θij ,a, b) f (θij | Ωij) , (5.4)

and subsequently, the multiple imputations for the latent variable are drawn
from

θPV
ij ∼ g (θij | yij ,Ωij ,a, b) , (5.5)

and they can be linearly transformed to a particular scale. The density function
f() represents the latent growth model, the p() represents the likelihood func-
tion, and the posterior density function g() represents the posterior predictive
distribution from which missing latent variable scores can be drawn.

The likelihood function p (yij | θij ,a, b) is defined for the complete data,
and missing data can be imputed through another multiple imputation step to
obtain a complete data set. Then, multiple imputations are required for the
missing item responses from their posterior predictive distributions. When the
missing data are MAR, multiple imputations can be generated from the pos-
terior predictive distribution of the item responses, which can be constructed
from the IRT model. It follows that,

Yijk | θij , ak, bk ∼ B (πijk) , (5.6)

πijk = Φ(akθij − bk) ,
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where a positive response is sampled from a Bernoulli distribution with the
success probability specified by the latent variable and item parameters. The
person and item parameters contain the relevant information to make inferen-
ces about plausible values for the missing item responses. The person and
item parameters can be obtained from their posterior distributions given the
observed response data.

5.2.5 CTT-based Posterior Predictive Distributions

Assuming again MAR for the missing latent variable scores, it follows that mul-
tiple imputations for the latent variable under the CTT model, can be generated
from the posterior predictive distribution. The posterior predictive distribution
for ϑij is given by

g
(
ϑij | yij ,Ωij

)
∝ p

(
yij | ϑij

)
f (ϑij | Ωij) , (5.7)

and subsequently, the multiple imputations are drawn from

ϑPV
ij ∼ g

(
ϑij | yij ,Ωij

)
, (5.8)

and the drawn values can be transformed to a particular scale using a linear
transformation.

Response patterns with missing observations complicate the computation
of sum scores, yij , which are needed to generate multiple imputations for the
latent variable ϑij . The CTT model is not defined at the level of observations,
and the posterior predictive distribution of item responses cannot be construc-
ted from the CTT model.

Consider the CTT model in Equation (5.2), with a normal population dis-
tribution for the true score ϑij with mean µϑ and variance σ2

ϑ. Furthermore,
an underlying (continuous) latent response variable Zijk is assumed, which is
normally distributed with mean ϑij and variance 1, where Zijk is greater than
zero for a positive response, and less equal zero otherwise. The CTT model
for the latent continuous responses (Zij1, . . . , ZijK) is a random effects mo-
del. A marginal CTT model can be derived, where the true score is integrated
out. Therefore, consider the random effects model, and merge the error term
at the level of observations with the error term defined at the level of persons.
This leads to a multivariate normal distribution for the item responses,

Zijk = ϑij + eijk

= µϑ + rij + eijk

= µϑ + Eijk (5.9)

where the eijk are independently normally distributed with mean 0 and va-
riance 1 and the rij are normally distributed with mean 0 and variance σ2

ϑ.
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Furthermore, the error terms are independently distributed and the sum of the
terms, Eijk, is again normally distributed with mean 0 and variance 1 + σ2

ϑ.
The covariance of latent responses of item k and l of person i is equal to σ2

ϑ,
which is shown by

Cov (Zijk, Zijl) = Cov (rij + eijk, rij + eijl) = V ar (rij) = σ2
ϑ.

A multivariate probit model can be defined for the observed responses, where
the covariance matrix is equal to Σ = IK + Jσ2

ϑ with J = 1K1tK , which is
the implied covariance structure according to the CTT model. The multivariate
probit model is given by

P (Yij = yij | µϑ,Σ) =

∫

Rij1

. . .

∫

RijK

Φ (zij | µϑ,Σ) dzij1 . . . dzijK ,

where Rijk is the interval (0,∞) if Yijk = 1 and the interval (−∞, 0) otherwise.
This marginal CTT model is defined at the level of observations, which ma-

kes it possible to derive a posterior predictive distribution for the item respon-
ses. In the Appendix, the posterior predictive distribution of a latent response
is given in Equation (7.1), including the posterior distribution of the parame-
ter σ2

ϑ. Under CTT, the multiple imputation of missing response data can be
generated from Equation (7.1), while σ2

ϑ can be sampled from the posterior
distribution (Equation (7.2)).

5.3 Bayesian Multiple Imputation Method for Latent Va-
riables and Missing Item Responses

The multiple imputation method is aimed at drawing values from the posterior
predictive distribution given observed data and parameters. The parameters
are drawn from their posterior distribution given the observed data and reali-
zations of the missing values.

5.3.1 Multiple Imputation Algorithm Under IRT

Step (I) Draw parameters of the imputation model: Draw item parameters a, b
and latent growth parameters Ω from their posterior distribution given
the complete data y, where the complete data is constructed from im-
puted missing data and observed data.

Step (II) Generate multiple imputations for the missing data and latent variable:
Draw values for the missing data given sampled parameter values from
Equation (5.6) and draw latent variable scores from the posterior predic-
tive distribution defined in Equation (5.5).
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In Step (I), drawing the parameter values of the imputation model can be
achieved by MCMC. Under IRT, a data augmentation scheme is used to sam-
ple latent continuous data, z, which are normally distributed, as described in
Fox (2010, pp. 75-80). For binary data, item parameters are sampled from
normal distributions given the augmented response data. The conditional dis-
tribution of the latent variable is given by Equation (5.4), which is a normal
distribution, when conditioning on augmented data z. The conditional distri-
bution of the latent growth model parameters given the latent dependent va-
riable θij is described by Klein Entink et al. (2011), and Song and Lee (2012,
pp. 218-219).

In Step (II), values for the missing data can be generated from the pos-
terior predictive distribution, from which latent item responses are generated.
This is sufficient for the sampling of the model parameters and latent variable
scores. When binary predicted values are needed, positive and negative bi-
nary predicted values are obtained by generated latent responses located in
the interval (0,∞) and (−∞, 0), respectively.

5.3.2 Multiple Imputation Algorithm Under CTT

Step (I) Draw parameters of the imputation model: The parameter, ϑij , can be
sampled from its posterior distribution represented in Equation (5.7), by
sampling λ = 1/K + σ2

ϑ and subtracting 1/K to obtain a sample for σ2
ϑ.

The latent growth parameters Ω can be sampled from their posterior
distribution as described under IRT, while using the current value for ϑ
as the outcome variable given the complete data y, where the complete
data is constructed from sampled missing data and observed data.

Step (II) Generate multiple imputations for the missing data and latent variable:
Draw values for the missing data given sampled parameter values from
Equation (5.7) and draw latent variable scores from the posterior predic-
tive distribution defined in Equation (5.8).

As for IRT, in Step (I), the parameter values of the imputation model can be
drawn using MCMC. In Step (II), the generated latent continuous missing data
lead to binary predicted data, where the sign of the generated imputed values
determines whether the binary predicted value is one or zero. Note that these
predicted binary (missing) values are not directly needed.

The algorithm has been implemented in a modified version of the R-Package
mlirt (Fox, 2007). The convergence of the algorithm can be investigated by ob-
serving trace plots of the sampled values. At convergence, the sequences of
sampled values should mix well and not show any structural patterns. The
convergence diagnostics in the R-package Coda (Plummer et al., 2006) can
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also be used to investigate whether the chains of sampled values has conver-
ged.

A general procedure can be applied to obtain parameter estimates of the
LCM model using multiple imputations for the latent variable under the IRT
model (Equation (5.5)) and CTT model (Equation (5.8)), while accounting for
missing item responses using multiple imputations for the missing item scores.
The final estimates of the latent growth model parameters, given the IRT-based
and CTT-based multiple imputations for the missing item scores, are on the
same scale due to the scale transformation of the multiple imputations for the
latent variable.

(i) Generate multiple imputations for the latent variables θij and ϑij and
missing responses, according to Step (II) of the IRT-based and CTT-
based multiple imputation method.

(ii) Transform each vector of multiple imputations for the latent variable to a
common scale using a linear scale transformation.

(iii) For each set of multiple imputations for the latent variable, draws of all
LCM parameters are obtained using an MCMC algorithm.

(iv) Repeat steps (i)-(iii) multiple times (usually five).

(v) Pool the LCM estimation results from the IRT- and the CTT-generated
multiple imputations.

5.4 Simulation Study

In the simulation study, latent growth model parameter estimates using IRT-
based and CTT-based measurements of the outcome variable were compared
to address the effects of the measurement model and missing response data
on the estimation results. Three simulation studies are presented to show the
advantage of using IRT- over CTT-based multiple imputations in longitudinal
data analysis in the presence of missing item responses. The three simula-
tion studies investigated the retrieval of the true values of the latent growth
parameters under different missing data situations for different missing data
mechanisms.

A general procedure was used to enable a direct comparison between the
estimation results, while using different measurement models and imputation
methods. In Figure 5.1, the general multiple imputation procedure is illustra-
ted including the simulation of item response data. Data were simulated under
specific conditions. Under CTT, multiple imputations were generated. In Si-
mulation Study I, Predictive Mean Matching (PMM) was used, which ignored
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the trend in latent variable measurements. Under IRT, the generation of mul-
tiple imputations for the missing item scores was facilitated via the algorithm
described in Section 5.3.

In Simulation Study II and III, the proposed CTT-based multiple imputa-
tion method was used using the multivariate probit model, where the imputed
values for the true scores also addressed a linear trend in measurements. Fol-
lowing the procedure of Gorter et al. (2015), the multiple imputations for the
latent variable under IRT and CTT were rescaled to a common scale, and the
latent growth model was fitted with the generated latent variable scores as
outcomes. The results of the latent growth model analysis under IRT and CTT
were compared in terms of bias and mean squared error (MSE) of the para-
meter estimates. The structural model (LCM) parameters can be compared
directly, since the CTT-based multiple imputations were re-scaled to the scale
of the IRT-based multiple imputations. to assess measurement model differen-
ces and effects of missing data. Therefore, fixed effect parameter estimates
from the latent growth model were averaged over the five multiple imputati-
ons to obtain the final results. The variance of the parameters were pooled
by calculating the sum over the within-imputation variance (the average of the
variance estimates), and the between-imputation variance (the variance of the
point estimates) (Fox, 2010, pp. 168-169).

The following procedure was followed to simulate item response data. The
person-specific scores at intake (β0i) and the person-specific trends β1i were
generated from a multivariate normal distribution with covariance matrix T,
where the variation across persons at intake equaled τ20 = 1, the variation
across person-specific trend values equaled τ21 = .50, and the population
covariance between the intake score and trend equaled τ201 = .20. The latent
variable scores were drawn from a normal distribution given the sampled β0i
and β1i, with a population average intercept of γ0 = 0, a population-average
linear trend of γ1 = 1, and measurement error variance of σ2 = .20. The item
difficulty parameters bk were sampled from a normal distribution with mean
zero and variance .50. Items with difficulty parameters above (below) zero
were marked as difficult (easy) items. The discrimination parameters were
equal to one. Finally, dichotomous item responses were generated using the
IRT model (Equation (5.3)), given the generated latent variable scores.

5.4.1 Simulation Study I

In the first simulation study, the probability of a missing item response was
equal across all subjects and measurement occasions. However, this cor-
responded to MAR, since a positive linear trend was simulated in the latent
variable measurements. Subsequently, positive responses were more likely to
be missing at a later stage, and the missingness was explained by the trend in
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latent variable measurements. Conditional on the measurement occasion, the
values were missing completely at random (MCAR).The percentage of missing
data was varied. Four situations were investigated, the complete data set, and
data with 20%, 50%, and 70% missingness. The missing data percentage re-
presented the percentage of subjects with missing data, as well as the percen-
tage of missing item responses per measurement occasion. For instance, in a
condition with 20% missing item responses, also 20% of the subjects had mis-
sing item responses. Per condition, 50 replications were made with N = 100
patients responding to K = 20 dichotomous items on J = 5 measurement oc-
casions. For CTT, multiple imputations were generated using Predictive Mean
Matching (PMM), which resulted in five complete data sets. The mice package
(Buuren and Groothuis-Oudshoorn, 2011) was used to generate imputations
using PMM on the wide dataset. After imputing the missing data, multiple im-
putations were generated for the latent variable. This resulted in five times
five complete data sets. The latent growth model parameter estimates were
pooled first for the five PMM imputed data sets, and pooled second over the
five draws of the latent variable score. For IRT, multiple imputations for the
missing item responses and latent variable scores were generated, according
to Equation (5.6) and (5.5), respectively. Subsequently, latent growth model
parameter estimates were pooled to obtain the final estimates. For estimating
the parameters of the latent growth model, a 20, 000 iterations long MCMC
chain was run, with 5, 000 burnin iterations per replication

5.4.2 Simulation Study II

In the second simulation study, the missing data was generated under MAR,
where the missingness depended on the latent variable, which followed a li-
near trend. It was assumed that the observed responses contained sufficient
information regarding the latent variable for estimating the latent variable sco-
res (Huisman, 1998). Subjects with a lower latent variable score (below the
population average) had a higher probability of missingness on the more diffi-
cult items than subjects with a higher latent variable score (above the popula-
tion average) who had a lower probability of missingness on the more difficult
items. A normal distribution was assumed for the population model. This po-
pulation model combined with the observed (incomplete) data contained suffi-
cient information on the latent trait to assume MAR. In Table 5.1, the different
probabilities of missing response data are listed, which were used to generate
missing data according to MAR. For example, in the 50% missing data condi-
tion, for those with a below-average latent variable score, the probability of a
missing response was 70% for the difficult items, and 30% for the easy items.
Those with an above-average latent variable score, the missing response pro-
bability was 60% and 40% for the difficult and easy items, respectively. On
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20% Missing 50% Missing 70% Missing

Easy Difficult Easy Difficult Easy Difficult

Low θ .12 .28 .30 .70 .42 .98

High θ .16 .24 .40 .60 .56 .84

Table 5.1: Missing data probabilities for subjects with low versus high latent
variable scores for a total of 20%, 50%, and 70% missing item responses
used in Simulation Study 2.

average the probability of a missing response was 50%. Subjects with a lo-
wer latent variable score were more likely to have missing responses on the
more difficult items compared to subjects with a higher score, while accounting
for the trend in latent variable scores. Three different missing data conditions
were simulated with three different percentages of missing data, 20%, 50%,
and 70%. The simulated data sets consisted of N = 100 patients measured
on five different occasions on a questionnaire with 20 dichotomous items. A
total of 50 replications were made per condition.

Multiple imputations were generated using the proposed CTT-based multi-
ple imputation method with the multivariate probit model, which resulted in five
complete data sets.After generating the multiple imputations, the latent growth
model parameters were estimated using the five draws of IRT-based and CTT-
based multiple imputations, using a 20, 000 iterations long MCMC chain with
5, 000 burn-in iterations.

5.4.3 Simulation Study III

A more extreme missing data situation was investigated in order to test the
robustness of the multiple imputation methods, and to examine differences
between IRT and CTT under more extreme conditions. Missing data was si-
mulated in such a way that it became less likely that the data contained enough
information to estimate the latent variable accurately. The missingness was
dependent on the latent variable and in the extreme situation the observed
data only contained partial information about the latent variable, and conse-
quently MNAR could occur in such a situation. In Table 5.2, the probabilities
of missing responses are given for the high versus low scoring subjects. The
probabilities in Table 5.2 were chosen in such a way that subjects with a lo-
wer latent variable score had a higher probability of missingness for the difficult
items, whereas for patients with a higher latent variable score, the missingness
was not dependent on the difficulty of the items. When the population distri-
bution is assumed to be normally distributed and the observed (incomplete)
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20% Missing 30% Missing 40% Missing 50% Missing
Easy Difficult Easy Difficult Easy Difficult Easy Difficult

Low θ .04 .36 .06 .54 .08 .72 .10 .90

High θ .20 .20 .30 .30 .40 .40 .50 .50

Table 5.2: Probabilities of a missing response for subjects with low versus
high latent variable scores with a total of 20%, 30%, 40% and 50% missing
responses used in Simulation Study III.

data is sufficient we can assume MAR. However, with the increasing relative
amount of missingness in the difficult items for patients with a lower theta we
approach the situation in which the observed data combined with the popula-
tion distribution no longer contain sufficient information (MNAR). The missing
data conditions entailed data sets with 20%, 30%, 40%, and 50% missing ob-
servations. For instance, a subject scoring below the population average had
a 90% probability of missing a response to a difficult item in the 50% missing
data condition. Observed data for this subject mainly contained information
about the performance on the easy items, which usually leads to inaccurate
measurements of the latent variable scores. In this study, the same estimation
procedures and parameter settings were used as in Simulation Study II.

5.5 Results

5.5.1 Results Simulation Study I

In Table 5.3 and Table 5.4, the results of Simulation Study I are given. The
latent growth parameter estimates along with the bias and MSE using IRT-
based and CTT-based multiple imputations are given.

In the condition without any missing data, a similar pattern was found as
shown by Gorter et al. (2015, 2016). When looking at the results in Table 5.3,
it can be seen that the linear trend was underestimated under CTT, where the
trend was correctly estimated under IRT. Furthermore, the measurement error
variance at level one was overestimated under CTT, and also correctly estima-
ted under IRT. The IRT-based multiple imputations provided more information
about the linear trend in the measurements than the CTT-based imputations.
This showed that the IRT-based trajectories more accurately described the
change in measurements than the CTT-based trajectories. There was also
more variability detected in the baseline measurements and less variability in
the individual trends under CTT than under IRT. Under IRT, the variation in
trends was slightly overestimated.
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IRT CTT
Par. True EAP SD BIAS MSE EAP SD BIAS MSE

0% Missing
Fixed

γ0 0 -.02 .12 -.02 .01 .08 .14 .08 .02
γ1 1 1.00 .12 .00 .02 .83 .16 -.17 .05

Random
σ2 .20 .20 .03 .00 .00 .35 .04 .15 .03
τ20 1.00 1.06 .19 .06 .03 1.18 .20 .18 .07
τ21 .50 .63 .21 .13 .07 .31 .15 -.19 .05
τ201 .20 .08 .11 -.12 .02 -.01 .09 -.21 .05

20% Missing
Fixed

γ0 0 .00 .12 .00 .02 .70 .23 .70 .79
γ1 1 1.01 .12 .01 .02 -.15 .32 -1.15 2.08

Random
σ2 .20 .21 .03 .01 .00 .69 .09 .49 .27
τ20 1.00 .99 .21 -.01 .04 1.08 .34 .08 .07
τ21 .50 .55 .19 .05 .03 .40 .23 -.10 .02
τ01 .20 .22 .14 .02 .02 -.19 .27 -.39 .19

par.: parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE:
mean squared error.

Table 5.3: Simulation Study 1: Latent growth parameter estimates across 50
replications under varying proportions of missing data (0% and 20%), using
IRT-based multiple imputations and CTT-based multiple imputations for the
latent variable scores. For CTT, missing data were generated according to
PMM on the wide data set, and for IRT, they were generated from the posterior
predictive distribution (Equation (5.6)).

For the 20% missing data condition, under IRT the parameter estimates
are close to the true values, and MSE values are even smaller than in the
condition of no missing data. When the missing data are MAR, the IRT-based
multiple imputations for the missing data provided accurate information leading
to accurate multiple imputations for the latent variable. Under CTT, the PMM
imputation model on the wide data set was time-invariant and did not take a
trend effect in the repeated measurements into account. The corresponding
CTT-based multiple imputations for the latent variable scores led to bias in
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IRT CTT
Par. True EAP SD BIAS MSE EAP SD BIAS MSE

50% Missing
Fixed

γ0 0 .02 .12 .02 .01 .59 .25 .59 .50
γ1 1 1.01 .13 .01 .02 .05 .37 -.95 1.26

Random
σ2 .20 .20 .03 .00 .00 .85 .10 .65 .47
τ20 1.00 1.00 .22 .00 .05 .85 .33 -.15 .08
τ21 .50 .56 .20 .06 .03 .44 .27 -.06 .01
τ201 .20 .17 .15 -.03 .03 -.18 .27 -.38 .16

70% Missing
Fixed

γ0 0 .01 .12 .01 .02 .50 .20 .50 .43
γ1 1 1.01 .13 .01 .02 .20 .29 -.80 1.06

Random
σ2 .20 .20 .03 .00 .00 .91 .11 .71 .54
τ20 1.00 1.05 .24 .05 .04 .86 .32 -.14 .07
τ21 .50 .54 .20 .04 .03 .45 .29 -.05 .01
τ201 .20 .18 .16 -.02 .03 -.19 .28 -.39 .17

par.: parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE:
mean squared error.

Table 5.4: Simulation Study I: Latent growth parameter estimates across 50
replications under varying proportions of missing data (50% and 70%), using
IRT-based multiple imputations and CTT-based multiple imputations for the
latent variable scores. For CTT, missing data were generated according to
PMM on the wide data set, and for IRT, they were generated from the posterior
predictive distribution (Equation (5.6)).

the latent growth model parameter estimates. It can be seen that the linear
trend was really underestimated, and only a third of the true trend value was
identified, where the measurement error variance was estimated to be more
than three times larger than the true variance. The underestimation of the
trend also led to an overestimation of the average baseline score.

In Table 5.4, the results of the missing data conditions of 50% and 70% mis-
sing data are presented. It can be seen that the estimates under IRT are still
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the latent growth model parameter estimates. It can be seen that the linear
trend was really underestimated, and only a third of the true trend value was
identified, where the measurement error variance was estimated to be more
than three times larger than the true variance. The underestimation of the
trend also led to an overestimation of the average baseline score.

In Table 5.4, the results of the missing data conditions of 50% and 70% mis-
sing data are presented. It can be seen that the estimates under IRT are still
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close to the true values, and the multiple imputations correctly represent the
trend in the latent variable scores. The multiple imputation model describes
accurately the missing data and missing latent variable scores, while addres-
sing the linear trend in the latent variable scores.

The CTT-based imputation method (PMM on the wide data set) ignored
the trend in the latent variable scores. The estimated linear trend effect was
no longer significantly different from zero, which can be seen from the 95%
highest posterior density (HPD) interval [−.27, .36] (50% missing data condi-
tion) and [−.13, .52] (70% missing data condition). The intercept estimates γ0
were overestimated in both conditions, and showed that the multiple imputed
scores did not contain information about a trend in the latent variable mea-
surements. The measurement error variance was severely overestimated in
both conditions (.85 and .91), since the intercept did not explain much variance
in the outcomes.

5.5.2 Results Simulation Study II

In Simulation Study II, the proposed multiple imputation (multivariate probit)
model for the missing responses under CTT was used to address the linear
trend in the latent variable measurements. This was ignored in Simulation
Study I, which led to severe bias in the latent growth estimates. Under CTT
and IRT, the missing responses were generated from the posterior predictive
distribution according to Equation (7.1) and (5.6) respectively.

Under CTT, the trend in latent variable scores was taken into account in
the generation of the imputations for the missing responses, which led to a
substantial reduction in the bias of the latent growth parameter estimates. In
Table 5.5, it can be seen that in the condition with 20% missing data, the CTT-
based estimates are comparable to the estimates of Simulation Study I with
no missing data. Under CTT, the linear trend is underestimated, the measure-
ment error variance overestimated and the individual variation in trend effects
was underestimated. However, this resembled the results under CTT without
missing data, and this bias occurred due to the use of sum scores as mea-
surements of the outcome variable. Under IRT, the latent growth parameters
estimates were correctly estimated. The covariance of the random intercept
and linear trend was underestimated, but the 95% highest posterior density
(HPD) interval ([−.12, .27]) still contained the true value of .20. The IRT-based
multiple imputations provided more information about the linear trend in the
measurements than the CTT-based imputations.

When increasing the percentage of missing data, the parameter estimates
under both measurement models were comparable to the results of the 20%
missing data condition. The proposed posterior predictive distribution to gene-
rate missing responses takes into account the trend in latent variable scores.
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IRT CTT
Par. True EAP SD BIAS MSE EAP SD BIAS MSE

20% Missing
Fixed γ0 0 -.01 .12 -.01 .01 .09 .15 .09 .02

γ1 1 1.00 .12 .00 .02 .84 .17 -.16 .05
Random σ2 .2 .20 .03 .00 .00 .36 .04 .16 .03

τ20 1 1.14 .21 .14 .07 1.25 .21 .25 .10
τ21 .5 .60 .21 .10 .08 .28 .14 -.22 .06
τ201 .2 .08 .11 -.12 .02 -.02 .09 -.22 .05

50% Missing
Fixed γ0 0 .04 .13 .04 .02 .14 .15 .14 .04

γ1 1 .99 .14 -.01 .02 .81 .18 -.19 .05
Random σ2 .2 .20 .04 .00 .00 .37 .05 .17 .03

τ20 1 1.16 .22 .16 .08 1.27 .22 .27 .12
τ21 .5 .59 .22 .09 .06 .27 .15 -.23 .07
τ201 .2 .08 .12 -.12 .02 -.02 .09 -.22 .05

70% Missing
Fixed γ0 0 .02 .13 .02 .01 .14 .15 .14 .03

γ1 1 1.01 .15 .01 .03 .79 .18 -.21 .06
Random σ2 .2 .21 .05 .01 .00 .40 .06 .20 .04

τ20 1 1.12 .23 .12 .07 1.20 .21 .20 .08
τ21 .5 .60 .27 .10 .08 .25 .14 -.25 .07
τ201 .2 .07 .12 -.13 .02 -.01 .08 -.21 .04

par.: parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE:
mean squared error.

Table 5.5: Simulation Study II: Latent growth parameter estimates across 50
replications under varying proportions of missing data (20%, 50% and 70%),
using IRT-based multiple imputations and CTT-based multiple imputations for
the latent variable scores. For CTT and IRT, missing data were generated from
the posterior predictive distribution, Equation (7.1) and (5.6), respectively.

Under both measurement models, in the condition of 70% missing data, the
bias in the latent growth parameter estimates was comparable to the bias of
the parameter estimates in the condition of 50% and 20% missing data. When
the missingness can be explained by the latent variable scores, under both
measurement models stable results were obtained by imputing missing data
from the posterior predictive distributions. Differences in latent growth estima-
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IRT CTT
Par. True EAP SD BIAS MSE EAP SD BIAS MSE

20% Missing
Fixed γ0 0 -.01 .12 -.01 .01 .09 .15 .09 .02

γ1 1 1.00 .12 .00 .02 .84 .17 -.16 .05
Random σ2 .2 .20 .03 .00 .00 .36 .04 .16 .03

τ20 1 1.14 .21 .14 .07 1.25 .21 .25 .10
τ21 .5 .60 .21 .10 .08 .28 .14 -.22 .06
τ201 .2 .08 .11 -.12 .02 -.02 .09 -.22 .05

50% Missing
Fixed γ0 0 .04 .13 .04 .02 .14 .15 .14 .04

γ1 1 .99 .14 -.01 .02 .81 .18 -.19 .05
Random σ2 .2 .20 .04 .00 .00 .37 .05 .17 .03

τ20 1 1.16 .22 .16 .08 1.27 .22 .27 .12
τ21 .5 .59 .22 .09 .06 .27 .15 -.23 .07
τ201 .2 .08 .12 -.12 .02 -.02 .09 -.22 .05

70% Missing
Fixed γ0 0 .02 .13 .02 .01 .14 .15 .14 .03

γ1 1 1.01 .15 .01 .03 .79 .18 -.21 .06
Random σ2 .2 .21 .05 .01 .00 .40 .06 .20 .04

τ20 1 1.12 .23 .12 .07 1.20 .21 .20 .08
τ21 .5 .60 .27 .10 .08 .25 .14 -.25 .07
τ201 .2 .07 .12 -.13 .02 -.01 .08 -.21 .04

par.: parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE:
mean squared error.

Table 5.5: Simulation Study II: Latent growth parameter estimates across 50
replications under varying proportions of missing data (20%, 50% and 70%),
using IRT-based multiple imputations and CTT-based multiple imputations for
the latent variable scores. For CTT and IRT, missing data were generated from
the posterior predictive distribution, Equation (7.1) and (5.6), respectively.

Under both measurement models, in the condition of 70% missing data, the
bias in the latent growth parameter estimates was comparable to the bias of
the parameter estimates in the condition of 50% and 20% missing data. When
the missingness can be explained by the latent variable scores, under both
measurement models stable results were obtained by imputing missing data
from the posterior predictive distributions. Differences in latent growth estima-
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tes between IRT and CTT-generated latent variable scores were caused by
using sum scores, which do not utilize all response information.

5.5.3 Results Simulation Study III

The probabilities of missing responses are displayed in Table 5.1. For the
different missing data conditions, the latent growth estimates across 50 data
replications are given in Table 5.6. Although part of the observed response
patterns did not have sufficient information about the latent variable, the para-
meter estimates were quite close to the true values given IRT-based multiple
imputations and assuming MAR. The missing response data were generated
using the latent variable scores. When the latent scores contain bias, the im-
puted response data will also contain bias. The results based on the IRT sco-
res were quite robust against violations of MAR, and the parameter estimates
and posterior standard deviations are comparable across the different missing
data conditions. The results are also comparable to the results presented in
Table 5.5.

Under CTT, the bias is also stable across missing data conditions. The
CTT-based estimates show more bias compared to the IRT-based estimates,
but the difference is comparable across conditions. This difference was iden-
tified in the complete data situation, where it was shown that the sum scores
ignore response information, which led to an underestimation of the linear
trend and an overestimation of the measurement error variance. The esti-
mated MSE did not show an increase, which also shows that the proposed
missing data imputation method is robust against violations of MAR.

5.6 Application: Coping With Low Back Pain

To illustrate the differences in results between using IRT and CTT-generated
latent variable scores as outcomes in the latent growth model for different mis-
sing data situations, a real data set was analyzed. The aim is to show that
results obtained in the simulation studies also apply in real life data situations,
where a longitudinal latent variable was measured on multiple occasions.

Data were obtained from a repeated measurement study on coping stra-
tegies in patients with low back pain (Heymans et al., 2006a,b). The devel-
opment of the latent variable low back pain was measured using the Dutch
version of the Pain Coping Inventory (PCI) (Kraaimaat and Evers, 2003). The
PCI sub-scale on passive coping was used. The questionnaire was adminis-
tered during the four time-points of the original study, at baseline, after six
months, and one and two years after baseline. Time was measured in months
and divided by 24, which was the maximum number of study months. So, time
equaled one for the final measurement occasion, and time equaled zero for
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IRT CTT
Par. True EAP SD BIAS MSE EAP SD BIAS MSE

20% Missing
Fixed γ0 0 .01 .12 .01 .01 .10 .14 .10 .03

γ1 1 1.00 .13 .00 .02 .84 .14 -.16 .04
Random σ2 .2 .21 .03 .01 .00 .37 .04 .17 .03

τ20 1 1.11 .19 .11 .05 1.21 .18 .21 .08
τ21 .5 .58 .18 .08 .04 .27 .10 -.23 .06
τ201 .2 .07 .06 -.13 .02 -.02 .03 -.22 .05

30% Missing
Fixed γ0 0 .01 .12 .01 .02 .09 .14 .09 .03

γ1 1 .97 .12 -.03 .01 .83 .12 -.17 .04
Random

σ2 .2 .20 .04 .00 .00 .36 .04 .16 .03
τ20 1 1.16 .22 .16 .08 1.25 .20 .25 .10
τ21 .5 .56 .21 .06 .05 .27 .10 -.23 .06
τ201 .2 .08 .09 -.12 .02 -.01 .03 -.21 .04

40% Missing
Fixed γ0 0 .01 .12 .01 .02 .09 .13 .09 .03

γ1 1 .99 .14 -.01 .02 .85 .15 -.15 .04
Random σ2 .2 .21 .04 .01 .00 .37 .05 .17 .03

τ20 1 1.14 .19 .14 .06 1.22 .21 .22 .09
τ21 .5 .56 .22 .06 .05 .26 .11 -.24 .07
τ201 .2 .06 .08 -.14 .03 -.02 .03 -.22 .05

50% Missing
Fixed γ0 0 .00 .13 .00 .02 .11 .12 .11 .03

γ1 1 .99 .15 -.01 .02 .81 .14 -.19 .05
Random

σ2 .2 .2 .04 .00 .00 .36 .05 .16 .03
τ20 1 1.16 .18 .16 .06 1.25 .19 .25 .10
τ21 .5 .55 .16 .05 .03 .27 .09 -.23 .06
τ201 .2 .07 .07 -.13 .02 -.02 .03 -.22 .05

par.: parameter estimate, True: simulated parameter values, EAP: expected a posteriori, MSE:
mean squared error

Table 5.6: Simulation Study III: Latent growth parameter estimates across 50
replications under varying proportions of missing data.
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Table 5.6: Simulation Study III: Latent growth parameter estimates across 50
replications under varying proportions of missing data.
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the baseline measurement occasion. For the current illustration, responses of
patients with at least two measurement occasions without missing item scores
were taken into account. This resulted in a sample of 254 patients. The ans-
wering categories were collapsed for the analysis, resulting in dichotomous
responses.

First, the complete data set was analyzed. The scores for the latent va-
riable PCI-passive were constructed using the IRT and CTT measurement
model, where the latent growth model from Equation (5.1) was considered,
where θij is the latent variable PCI-passive. MCMC was run using 50, 000 ite-
rations with a burnin of 10, 000 to estimate all model parameters. A population
intercept (γ0) and a population effect for time (γ1) were used for predicting the
trend in the latent variable PCI-passive. The covariance between the random
intercept and random slope (τ01) was fixed to zero. Inspection of the plots
of the MCMC chains for the parameters of the latent growth model showed
adequate convergence.

Missing responses were generated using the conditions described in Table
5.2, which were also used in Simulation Study III. The missing data mecha-
nism becomes MNAR, when more item responses were missing. In Table
5.2, the proportions of missing data are listed, where patients with a below-
average PCI score were more likely to miss the above-average difficult items.
After generating the missing data patterns, multiple imputations were gene-
rated using either the IRT-based posterior predictive distributions (Equations
(5.5) and (5.6)) or the CTT-based posterior predictive distributions (Equations
(5.8) and (7.1)).

In Table 5.7, the results for pain coping in low back pain patients with diffe-
rent percentages of missing data are listed under IRT and CTT-based multiple
imputations. In general, the results from Table 5.7 are in concordance with
the results from the presented simulation studies. The linear trend effect, γ10,
was estimated less strong, when CTT-generated latent variable scores were
used. Also, the variance in trend effects, τ211, was not even detected, and the
measurement error variance was higher, when CTT scores were used. These
findings are in line with the results from the presented simulation studies. The
results confirm that the IRT-based imputations for missing items are preferable
over the CTT-based imputations for missing items, when the missing data are
MAR. Furthermore, when the missings become MNAR, reasonable estimates
were found using the IRT-based imputations.

When it comes to handling missing data, the IRT model and CTT model
showed to be robust against violations of the MAR assumption. The propo-
sed posterior predictive distribution of missing responses under CTT enabled
imputing missing responses, while accounting for a linear trend in the latent
variable scores. With an increase in the percentage of missing data, the CTT-
based results were stable and did not show an increase in bias. However,
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IRT CTT

par. EAP SD 95%HPD EAP SD 95%HPD
0% Missing
Fixed γ0 .44 .05 [.34;.53] .35 .06 [.24;.45]

γ1 -.94 .08 [-1.07;-.81] -.74 .07 [-.86;-.63]
Random σ2 .21 .02 [.18;.24] .46 .05 [.41;.51]

τ20 .39 .06 [.30;.48] .47 .07 [.36;.58]
τ21 .68 .14 [.50;.89] .02 .04 [.00;.09]

20% Missing
Fixed γ0 .45 .05 [.36;.53] .35 .06 [.25;.46]

γ1 -.97 .08 [-1.11;-.84] -.77 .08 [-.9;-.66]
Random σ2 .19 .04 [.16;.21] .45 .05 [.40;.50]

τ20 .38 .05 [.29;.46] .47 .08 [.37;.59]
τ21 .78 .19 [.58;.99] .03 .04 [.00;.11]

30% Missing
Fixed γ0 .43 .05 [.34;.52] .34 .06 [.23;.45]

γ1 -.93 .08 [-1.06;-.80] -.74 .10 [-.87;-.63]
Random σ2 .21 .02 [.18;.24] .44 .05 [.39;.49]

τ20 .41 .06 [.32;.51] .49 .08 [.38;.61]
τ21 .70 .15 [.51;.90] .02 .03 [.00;.06]

40% Missing
Fixed γ0 .43 .05 [.34;.52] .33 .06 [.22;.44]

γ1 -.94 .07 [-1.07;-.81] -.72 .08 [-.84;-.60]
Random σ2 .20 .03 [.17;.23] .46 .04 [.41;.51]

τ20 .41 .08 [.32;.50] .47 .06 [.36;.58]
τ21 .64 .17 [.47;.83] .02 .04 [.00;.09]

50% Missing
Fixed γ0 .38 .06 [.28;.47] .31 .07 [.20;.42]

γ1 -.82 .09 [-.95;-.69] -.68 .12 [-.81;-.56]
Random σ2 .23 .04 [.20;.26] .46 .04 [.41;.52]

τ20 .45 .07 [.35;.55] .47 .06 [.37;.58]
τ21 .61 .15 [.43;.80] .02 .03 [.00;.07]

par.: parameter estimate, EAP: expected a posteriori

Table 5.7: Coping with low back pain: 254 patients were measured four times
on Pain Coping using the PCI-Passive scale.

the difference in results between IRT and CTT-based multiple imputations also
remained stable. When using IRT, it was shown that much more heterogeneity
was detected across measurements and subjects, leading to a more steep de-
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Table 5.7: Coping with low back pain: 254 patients were measured four times
on Pain Coping using the PCI-Passive scale.

the difference in results between IRT and CTT-based multiple imputations also
remained stable. When using IRT, it was shown that much more heterogeneity
was detected across measurements and subjects, leading to a more steep de-
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cline of the PCI-passive measurements and more variation in individual trends,
in comparison to using CTT.

5.7 Discussion

It was shown through a novel imputation method that the use of sum scores
for measuring a latent variable, when item scores are missing, leads to se-
verely biased results of a latent growth analysis. These differences are to be
expected based on what we learned in previous studies on the differences
in results of IRT and CTT based longitudinal modeling (Gorter, 2012; Gorter
et al., 2016). In all three simulation studies it was found that trend effects were
underestimated under CTT-based imputations and that the measurement er-
ror variance was overestimated as well as the individual variation in baseline
measurements. This indicates that the CTT model attributes more variance to
the residual variance and differences between participants are more difficult
to identify, resulting in an underestimation of the overall trend effect. When
using predictive mean matching to impute values in the wide data set the li-
near trend was not detected. This followed directly from the used imputation
method, i.e. predictive mean matching, which ignored the trend in the latent
variable. The CTT imputation method in the second and third simulation study
performs comparable to the IRT imputation method. The differences between
the parameter estimates of the LGM are stable with the increasing amounts of
missing data.

Despite the fact that the CTT-based imputation method provided accu-
rate results in comparison to the complete-data analysis, the IRT-based la-
tent growth analysis were more accurate than the CTT-based analysis. The
IRT-based analysis provided better results in all simulated missing data condi-
tions in terms of bias and MSE. It also showed robust results in more extreme
missing data conditions. The consequent underestimation of the individual va-
riation in growth parameters indicates that the CTT model is less capable of
detecting differences between individuals. The CTT model neglects informa-
tion in response patterns that lead to the same score. This loss of information
becomes visible in the estimated variances in individual differences in baseline
measurements and trend effects. The differences are also directly comparable
across models through the rescaling of the multiple imputations. This unde-
restimation in individual variation is problematic when the focus of the study is
to determine how patients are developing over time. Bias is introduced when
sum-scores are used and conclusions on the patient’s trajectories are to be
interpreted bearing in mind this bias. The consequences for interpretation of
CTT-based effect estimates should be taken into consideration and preferably
IRT-based scores are used when analyzing repeatedly measured questionnai-
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res with missing items.
The analysis of a longitudinal trial study on coping with low back pain

showed that using CTT-based scores for the latent variable leads to inferior
parameter estimates compared to using IRT-based scores. When using IRT-
based scores, the results show more pronounced negative slope effects and
more variation over intercepts and trends between patients. In the IRT-based
analysis, more of the variance can be attributed to the differences between pa-
tients, which is preferable in medical and epidemiological research. Now, more
variance can be explained and more precise solutions can be found when tes-
ting hypotheses on differences between patients. When missing data is pre-
sent, more advanced methods are necessary to make comprehensive inferen-
ces in latent variable research with a repeated measures design. We showed
that the IRT-based imputation method performs better than the CTT-based
method for retrieving trend and variance estimates in repeated measurement
data for different missing data conditions. These findings are in concordance
with earlier studies where comparable results were obtained, when analyzing
complete-data sets (Gorter et al., 2015, 2016). The IRT-based imputation me-
thod proved to be an excellent procedure for handling missing data.

Other methods for handling missing item scores in multilevel data is to use
multilevel imputation strategies. In Mice, the functions ”2l.norm” and ”2l.pan”
offer solutions for continuous data. A reasonable way of handling the missing
data in the CTT framework would be to use a multilevel logistic regression im-
putation or multilevel predictive mean matching method. The binary multilevel
imputation method by Jolani et al. (2015) was considered, however, this pro-
cedure was designed for structural missing data, and therefore not applicable
for the current study. Another possibility could be to use the ”miceadds” R-
package (Robitzsch et al., 2016), that provides a function for multilevel logistic
multiple imputation. However, there was no sufficient convergence for our data
and we refrained from using the function in the comparison. More research is
needed to assess empirical differences between the multivariate probit model
and generalized multilevel regression imputation models.

Based on the results from this study, we recommend the use of IRT-based
multiple imputations over CTT-based multiple imputations when analyzing lon-
gitudinal questionnaire data with missing item scores.
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needed to assess empirical differences between the multivariate probit model
and generalized multilevel regression imputation models.

Based on the results from this study, we recommend the use of IRT-based
multiple imputations over CTT-based multiple imputations when analyzing lon-
gitudinal questionnaire data with missing item scores.
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Abstract

A multivariate multilevel IRT (HIRT) model (item, time, patient) is proposed for
repeatedly measured constructs, where the constructs correlate at the cluster-
level (patient). A multivariate component is assumed at the highest level, which
represents the time-invariant effects of the patient over time. The HIRT mo-
del is used to examine the higher-level dimensionality of the data, when the
lower-level unidimensionality assumption is not sufficient, when adaptations of
the questionnaire over time influence the dimensionality of the data, or when
only a subset of items are measured repeatedly over time. A MCMC algorithm
was developed to estimate all model parameters, and a simulation study was
carried out to investigate its parameter recovery. Data from an intensive longi-
tudinal study was used to illustrate the method, where the higher-order factor
structure of a repeated measures multi-item questionnaire on sleep quality
was investigated.

This chapter has been written using the data set that was provided by prof. dr. Eus van
Someren and Kim Dekker, MSc. from the Netherlands Institute for Neuroscience (NIN). An
adapted version of this chapter will be submitted for publication.
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6.1 Introduction

Latent variables are often repeatedly measured using multi-item questionnai-
res, for example depression, health, and quality of life. These questionnaires
are usually designed to measure multiple constructs, where each subset of
items measures a specific construct. For depression for example, dimensions
could be sadness, loss of interest, sleep, worthlessness, fatigue, and suicidal
ideation, where each component is measured using a set of items.

At the level of items, responses are assumed to be independently distri-
buted given the construct. For each subset of items, a unidimensional con-
struct explains the relationships between the responses. At a higher level,
the correlation structure is modeled of unidimensional measurements related
to the same person. In a hierarchical or multilevel model (Raudenbush and
Bryk, 2002; Fox, 2010), a general (higher-level) construct (random variable at
level-3) is introduced to model the correlation among the multiple lower-level
constructs (level-2). The lower-level (level-2) constructs are assumed to be
independently distributed given the higher-level construct. The item respon-
ses are observed on the lowest level (level-1). When a person is measured
repeatedly over time, a higher-level person factor is used to model the correla-
tion among the occasion-specific measurements. This general factor implies
a common correlation between the repeatedly measured constructs. For in-
stance, Gorter et al. (2016) considered a latent growth model for the repeated
measurements of the Oswestry Disability Index using the Oswestry low-back
Pain Questionnaire. The repeated scores of a person are assumed to be
independently distributed given a higher-level person-specific score, which re-
presents the average score across measurement occasions.

This perfect hierarchical nesting of the lower-level measurements within
persons, where one higher-level factor represents the (time-invariant) average
construct score, is not always appropriate. For intensive longitudinal data,
where many measurements are made over time, an adaptation of the me-
asurement instrument can be needed by dropping or including some items.
For example, manifestations of depression change over developmental sta-
ges, which requires an adaption of the instrument over time to accurately me-
asure depression. A quality of life instrument might require an adaptation,
when the situation of the persons under study has changed. The longitu-
dinal measurements using modified questionnaires over time can represent
(slightly) different subjective phenomena and they cannot be directly compa-
red. Subsequently, an average construct score cannot be used to represent
the average score of the studied construct.

Longitudinal studies have also implemented shorter instruments by redu-
cing the number of items to reduce the response burden. Response burden is
known to be problematic for severely ill, children, and older individuals. When
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reducing the response burden, response rates usually increases and respon-
dents are more engaged with the questionnaire (Rolstad et al., 2011). Howe-
ver, the validity of the shortened instrument can be compromised by elimina-
ting items. Furthermore, measurements using the shortened questionnaire
can represent a modified version of the studied phenomenon in comparison
to measurements using the complete questionnaire. Measurements using dif-
ferent versions (i.e, shortened and complete) of the questionnaire might be
longitudinally incomparable, despite the fact that a common set of items is
used in both versions. An adaptation of the instrument can also be prefer-
red to improve the sensitivity of the instrument. Health-related quality of life
instruments are often generic with the purpose to be applied in different set-
tings and across heterogeneous populations. However, generic instruments
are known to be less sensitive to change in comparison to condition-specific
instruments. The population-specific and situation-specific instruments can
capture specific characteristics of the studied phenomena and improve the
sensitivity to measure change. Again, when adapting the questionnaire to
improve its sensitivity in a longitudinal study, the assumption of longitudinally
comparable measurements might not hold and different versions of the stu-
died phenomenon are measured. To detect the longitudinal non-invariance of
a measurement instrument, traditional methods are available (see for example
(Vanderberg and Lance, 2000; Teresi, 2006)). In these methods, one can aim
to find non-invariance of anchor items to ensure comparability of means over
time, which can be very difficult (Thissen et al., 1993). Also, confirmatory fac-
tor analysis can be used to detect measurement invariance (Meredith, 1993;
Muthén and Asparouhov, 2013; Van de Schoot et al., 2012, 2013).

To investigate whether the representation of a studied factor changes across
longitudinal measurements, a higher-level multidimensional item response the-
ory (HIRT) modeling framework is introduced. Although a unidimensional con-
struct is measured at each occasion, a higher-level multidimensional com-
ponent is included to assess the multidimensional nature of the longitudinal
measurements. The longitudinal response data give support to a higher-level
multidimensional component, when for instance the nature of the measure-
ments change over time, and multiple time-invariant constructs are required
to assess the measured phenomena. The modeling framework can also be
used to verify that under the short version, in comparison to the complete ver-
sion of the instrument, the same subjective phenomenon is measured. The
higher-level dimensional component also implies a more complex serial corre-
lation structure for the lower-level measured components, which generalizes
the common multilevel assumption of time-invariant correlations across time
(Azevedo et al., 2015).

In the present study, a Bayesian modeling approach is considered and a
Markov chain Monte Carlo (MCMC) method is developed to estimate all mo-
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del parameters. The HIRT model extends the multilevel IRT model of Fox
and Glas (2001, 2003), by introducing a higher-level multidimensional compo-
nent. The modeling framework expands the aggregate IRT modeling approach
of Camilli and Fox (2015) by explicitly modeling the nesting of responses in
lower-level person-specific measurements. In their approach, an aggregation
strategy is used to address potentially practical limitations in computing the
model parameters, when dealing with multilevel multidimensional IRT models
in large-scale survey studies. The HIRT model is designed for longitudinal stu-
dies focused on repeatedly measuring a moderate set of persons with respect
to specific subjective phenomena, which limits the computational burden.

In the next section, the HIRT model is described, thereby introducing the
higher-level multidimensional component to assess the dimensionality of the
measurements over time. Then, the priors and MCMC algorithm are descri-
bed. The accuracy of the MCMC algorithm in recovering item parameters,
latent variances and covariances, as well as estimates of the higher-level com-
ponents were investigated in a simulation study. Diary data about sleep quality
were used as an illustration to assess the higher-level dimensionality of the
repeatedly measured construct sleep quality. Finally, a discussion is given,
which includes other interesting applications of the HIRT model.

6.2 The Higher-Order Multidimensional IRT Model

A set of ni repeated measurements is assumed for each patient i = 1, . . . , N ,
for an unbalanced design, where patient i receives j = 1, . . . , ni measure-
ments and each measurement consists of K items. Let latent variable ϕij

represent the measurement of patient i on occasion j. A normal population
distribution is assumed for the repeated measurements of each patient, where
ϑij ∼ N(0, σ2

ϕij
). The variance parameter σ2

ϕij
represents the variability in

measurements across occasions. The ϕij is also referred to as the (lower
level) measurement-occasion component and models the clustering of item
responses.

As in the multilevel IRT model (Fox and Glas, 2001), a higher-level pa-
tient or cluster component is defined to model patient’s latent characteristics,
which are assumed to be invariant across measurements. This multidimensi-
onal higher-order component is defined to model the nesting of the repeated
measurements, where multiple higher-order components can be involved. Let
θi = (θi1, . . . , θiQ)

t denote the higher-level components of patient i, which are
assumed to operate across the ni measurement occasions. The higher level
dimensionality of the construct measured at the time-invariant person level is
denoted by Q. The effect of the higher-level components on item k is mode-
rated by factor loadings Ak = (Ak1, . . . , AkQ)

t for k = 1, . . . ,K. The con-
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tribution of the higher-level component θi and the (lower-level) measurement-
occasion component ϕij can be represented by a random variable, which is
composed of both components,

δijk = At
kθi + ϕij . (6.1)

The δijk is the item-specific latent variable contribution for patient i on mea-
surement occasion j.

The (latent) continuous item responses of patient i are assumed to be
normally distributed, where the mean is a function of the the latent variable
components and item characteristic parameters, and the measurement error
are independently distributed across items and occasions. This item response
can be represented as

Zijk = ak
(
At

kθi + ϕij

)
− bk + εijk (6.2)

= akδijk − bk + εijk,

where the responses are assumed to independently distributed given the higher-
level and measurement-specific latent variable components. The error term
εijk is assumed to be normally distributed with mean zero and variance one.
In this random effects modeling approach, the patient components and mea-
surement occasion components are independently normally distributed. The
discrimination parameters modifies the effects of the patient components on
the latent response.

When considering dichotomous response data, a truncation rule is applied
to the latent responses, and a positive response is observed, Yijk = 1, when
Zijk > 0, and otherwise a zero response is observed. Then, the response
model for the observed data can be represented by

P (Yijk = 1 | δijk, ak, bk) = P (Zijk > 0 | δijk, ak, bk) (6.3)

= Φ(akδijk − bk) ,

The higher-order multidimensional model for ordinal data can be expres-
sed by

P (Yijk = c | δijk, ak,κk) = P (Zijk ≤ akδijk − κk,c−1)− (6.4)

P (Zijk ≤ akδijk − κk,c)

where the ordered thresholds are denoted as κ = (κk1, . . . , κkC). The exten-
sion to ordinal response data can also be defined by a truncation rule on the
latent responses zij . Therefore, let Yijk = c, when the response is in category
c(c = 1, . . . , C). Subsequently, the latent response is truncated to the interval
κk,c−1 ≤ Zijk ≤ κk,c. The model in Equation (6.5) comprehends the model
for dichotomous responses in Equation (6.3), which is represented separately.
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The object of interest is the identification of the higher-level structure, where
the measurement specific latent variables are required to properly model the
nesting of observations at the level of measurements. To stress the higher-
level modeling interest, a multivariate model for the item response data of
patient i at occasion j can be specified, where only the effects of the pa-
tient scores on the measurement specific (item) performances are included
in the mean term. Therefore, the measurement-specific latent variables, ϕij ,
are integrated out, and a multivariate distribution for Zij for measurement j is
obtained and given by

Zij ∼ N







a1A11 a1A12 · · · a1A1Q

a2A21 a2A22 · · · a2A2Q
...

...
. . .

...
aKAK1 aKAK2 · · · aKAKQ







θi1
θi2
...

θiQ


−




b1
b2
...
bK


 , σ2

ϕaa
t + IK


 ,

where a correlation structure between subject’s item responses are assumed
for each measurement j given the higher-order factor structure. The covari-
ance matrix is denoted as Σϕ = σ2

ϕaa
t+IK and represents the assumed cor-

relation between item responses, when conditioning only on the higher-order
components. The patient’s factors θi are also assumed to follow a multivariate
normal distribution with a mean µθ and a covariance matrix Σθ. The popula-
tion parameters µθ and Σθ determine the average components scores in the
population and the population variance in scores, respectively.

For the ni measurement occasions of patient i, the complete set of equa-
tions can be represented by the multivariate modeling of latent variables δi of
patient i. The item-specific latent outcomes are stored in a matrix of ni (num-
ber of measurement occasions of patient i) times the number of items K. Let
Ã denote the element-wise multiplication of (1tQ⊗a) times the matrix of factor
loadings A. Then, the multivariate expression is given by

Zi ∼ N
((

1ni ⊗ Ã
)
θt
i − (1ni ⊗ b) , Ini ⊗Σϕ

)
, (6.5)

where Zi is the vector of stacked components of measurement-specific la-
tent variable components Zij . The factor loading matrix A is assumed to
be common across measurement occasions and patients. This is not strictly
necessary and variant factor loadings can be assumed. However, the latent
scale needs to be identified, which requires for instance loadings to be invari-
ant across measurements. The item parameters are assumed to be invariant
across patients and measurement occasions. Differences in item characte-
ristics can be allowed as long as the latent variable scale is identified. From
Equation (6.5) follows that the higher-order multidimensional model can be
represented as a multivariate factor model, where the lower-level latent va-



124 Higher order multidimensional IRT

riable is integrated out and the implied dependency structure is directly mode-
led. The lower-level dependencies can be modeled with a common covariance
parameter, σ2

ϕ, and discrimination parameters, when a unidimensional latent
variable is assumed at the lower level. In particular, this is interesting when
the number of items per occasion is small, which would lead to an inaccurate
estimate of the occasion-specific latent variable.

6.2.1 Identification of the HIRT Model

The HIRT model can be identified by imposing restrictions on some of the pa-
rameters. For the higher-level multidimensional component, the factor loading
matrix A and the covariance matrix of the patient scores Σθ both model the
variances and covariance of the patient scores θi. Therefore, the upper dia-
gonal of the matrix of factor loadings, A, can be restricted, where Akq = 1
if k = qand Akq = 0 if k �= q for k = 1, . . . , Q and q = 1, . . . , Q. Instead
of restricting the upper-diagonal elements of the factor loadings, the diagonal
elements of Σθ can be restricted to one, while the non-diagonal elements are
free parameters. It is also possible to only fix the covariance matrix to the
identity matrix. Then, additional restrictions are needed to avoid rotational in-
variance; Akq = 0 if k = 1, . . . , Q− 1and q = 2, . . . , Q. Furthermore, at least
one element of A is restricted to be positive. The mean of the latent scale can
be restricted by specifying µθ = 0. These identification restrictions correspond
to restriction for multidimensional IRT models (Fox et al., 2014).

Additional restrictions are needed due to the lower-level measurement-
specific latent variable ϕij . The regular restrictions are needed to identify the
latent scale, where the mean and variance of the latent variable are restricted
to zero and one, respectively. It is also possible to restrict the sum of the
difficulty parameters and the product of the discrimination parameters.

In this paper, the identification rules are set to identify the covariance ma-
trix at the patient-level 2 by restricting several factor loadings. Furthermore,
the mean and variance of the lower-level latent variable are restricted to zero
and one, respectively. The integrated HIRT model in Equation (6.5), can be
identified in a similar way.

6.3 Priors and MCMC Estimation

A Markov Chain Monte Carlo (MCMC) procedure is developed for estimating
the model parameters. The MCMC algorithm is based on developed MCMC
methods for multidimensional IRT and factor analytic models (e.g. Béguin and
Glas, 2001; Lopes and West, 2004; Yao and Boughton, 2007; Fox et al., 2014).

The joint distribution of the parameters and augmented data are conside-
red to implement an MCMC algorithm. The joint posterior distribution can be
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expressed as

p
(
y,θ,ϕ, a,A,κ, σ2

φ,Σθ | y
)

∝ p (y | ϕ,θ,A, a,κ) p
(
ϕ | σ2

ϕ

)
p (θ | Σθ,µθ)

p(A)p(κ)p(Σθ)p(a)p(σ
2
ϕ)

∝
∏
i


∏

j

[∏
k

p (yijk | θi,Ak,κk, ak, ϕij)

]

p
(
ϕij | σ2

ϕ

)]
p (θi | Σθ,µθ)

]

p(A)p(κ)p(Σθ)p(a)p(σ
2
ϕ),

where p (yijk | θi,Ak,κk, ak, ϕij) defines the HIRT response model given the
latent variable components at both levels. The term p

(
ϕij | σ2

ϕ

)
defines the

population distribution of the lower-level measurement-specific latent varia-
ble.The component p (θi | µθ,Σθ) the population distribution for the patient’s
latent variable scores. The remaining terms specify the prior distributions for
the model parameters.

A data augmentation scheme is used to simulate continuous latent res-
ponses given the dichotomous or ordinal response data. The full conditional
of the augmented data Z is a normal distribution,

Zijk | Yijk,θi, ϕij ,Ak, ak, bk ∼

{
N

(
ak

(
At

kθi + ϕij

)
− bk, 1

)
for binary data

N
(
ak

(
At

kθi + ϕij

)
, 1
)

for polytomous data,
(6.6)

with Yijk the indicator of Zijk being positive for binary response data, and
Yijk = c if κkc−1 ≤ Zijk ≤ κkc in case of polytomous response data.

The prior distribution for the free factor loadings is standard normal. Sub-
sequently, the full conditional for Ak is normal with mean

E (Ak | Zk,θi,ϕi, ak) =
(
a−2
k

(
θtθ

)−1
+ IQ

)−1 (
akθ

t (Zk − akϕ)
)

and covariance matrix

V (Ak | Zk,θi,ϕi, ak) =
(
a−2
k

(
θtθ

)−1
+ IQ

)−1

where θ contains the stacked rows of θt
i . When Ak contains fixed elements,

the vector of free random loadings are sampled given the other vector of fixed
loadings. The difficulty parameters are included in the mean term when de-
aling with dichotomous data, and the thresholds are included as additional
restrictions on the space spanned by the augmented data vectors.
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The patient scores θi can also be sampled from a multivariate normal dis-
tribution. Let Ã denote the element-wise multiplication of (1tQ ⊗ a) times the
matrix of factor loadings A and let ϕ̃ij denote the product of ϕija. Then, the
mean of the distribution can be expressed as

E (θi | Zi,A, a,ϕ,µθ,Σθ) = Ω


∑

j|i

Ãt (Zij − ϕ̃ij) + µθΣ
−1
θ




and the covariance matrix

V (θi | Zi,A, a,ϕ,µθ,Σθ) = Ω =

(
ni

(
ÃtÃ

)−1
+Σ−1

θ

)−1

.

The measurement-specific latent variable scores have a standard normal
prior to identify the scale. The conditional distribution of the measurement-
specific latent variable is normal with mean

E (ϕij | Zij ,θi,A, a) = Σϕij
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independent and uniformly distributed subject to the condition κk0 < κk1 <
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, with κk0 = −∞ and κkCk
= ∞. The parameters can be sampled

from the conditional distribution of the threshold parameters using the Metro-
polisâĂŞHastings algorithm. For binary data, the full conditional posterior of
the difficulty parameter is normal. The discrimination parameters can also be
sampled from a normal distribution using a log transformation to restrict dis-
crimination values to be positive. See Fox (2005, 2010) and Fox et al. (2014)
for specific details, who also discussed the sampling of the hyper parameters
of the prior distributions of the item parameters.

The covariance matrix Σθ has an inverse-Wishart distribution with N + n0

degrees of freedom and scale matrix S−1
θ with Sθ =

∑
i (θi − µθ) (θi − µθ)

t+
IQ where n0 ≥ Q to specify a non-informative proper prior distribution. Note
that all parameters of the covariance matrix Σθ are free parameters when
using identifying restrictions on the item parameters and factor loadings.

The variance parameter σ2
ϕ of the lower-level latent variable has an inverse-

gamma distribution with shape parameter
∑

i ni + g1 and scale parameter
ϕtϕ+ g2.
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ÃtÃ

)−1
+Σ−1

θ

)−1

.

The measurement-specific latent variable scores have a standard normal
prior to identify the scale. The conditional distribution of the measurement-
specific latent variable is normal with mean

E (ϕij | Zij ,θi,A, a) = Σϕij

(
at

(
Zij − Ãθi
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The MCMC algorithm consists of sampling repeatedly from the conditional
distributions thereby conditioning on the sampled values from the last iteration.
The convergence of the MCMC algorithm depends on several factors. When
there is not much information about the latent variables, they might be poorly
estimated with large variances. When the higher-level dimensionality is incor-
rectly specified, the sampling of factor loadings might cause the algorithm to
convergence slowly. The estimation of factor loadings of a dimension, which
is not well-supported by the data will also lead to slow convergence and poor
estimation of the factor loadings. The convergence is informally assessed by
examining trace plots, time series plots, plots of the average of each parameter
across multiple chains, and plots of the running average (Brooks and Gelman,
1998; Gilks et al., 1996). In the next section, it is shown (through a simulation)
study that convergence properties of the proposed MCMC algorithm are good.

6.4 Simulation study

6.4.1 Parameter recovery

In order to investigate the parameter recovery of the HIRT model, a simulation
study was carried out. For the simulation study, a total of 20 measurement
occasions were considered, ni = 20, for each of the i = 1, . . . , 100 cases. For
the higher-order structure, a total of 2 and 3 higher-order components were
considered. For each condition, 200 data replications were made. The higher-
level latent variables were sampled from a normal distribution with mean zero
and variance one. The lower-level latent variable was sampled from a normal
distribution with mean zero and variance one. A total of 30 dichotomous items
were simulated for each occasion. The item parameters were assumed to be
invariant across cases and occasions. The discrimination parameters were
sampled from a uniform distribution restricted to the interval [0.5 − 2.0]. The
difficulty parameters were sampled from a normal distribution with mean 0 and
variance 1.

Factor loadings were generated following a normal distribution with mean
0 and standard deviation of .25. In order to avoid rotation of the three factors,
the first item loaded only on factor one, the second item only on factor two, and
in case of three dimensions the third item only on dimension three. After the
data was generated, the HIRT model was fit to the data using 10, 000 MCMC
iterations and 2, 500 iterations were used as a burn-in period. Inspection of the
MCMC chains for the two and three dimensional HIRT model showed good
convergence.

For evaluation of the parameter estimates, the bias and root mean squared
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error (RMSE) were calculated. The RMSE of parameter θ is given by

RMSE
(
θ̂
)
=

√
V ar

(
θ̂
)
+ bias

(
θ̂, θ

)2
, (6.7)

where θ̂ denote the final parameter estimate resulting from the different repli-
cations and θ the true value.

Two Factors Three Factors
Bias RMSE Bias RMSE

A dim 1 .03 .10 .05 .12
dim 2 .23 .41 .05 .16
dim 3 .18 .34

θ dim 1 -.01 .43 .00 .32
dim 2 -.02 .22 .00 .25
dim 3 -.01 .19

a .02 .03 .02 .03
b -.01 .16 .01 .16
ϕ .00 .10 .00 .10

Table 6.1: Results of the simulation study for the two and three factor HIRT
model using 200 replicated data sets with ni = 20 repeated measurements,
for each of the in total 100 cases, using 30 dichotomous items.

Table 6.1 shows the results of the simulation study using 200 data replica-
tions. The average bias and RMSE are given for the factor loadings, stored in
matrix A, the item discriminations, a, the item difficulties, b, the measurement-
specific scores ϕ, and the higher-level factor scores θ. The higher-level factor
scores and lower-level scores were accurately measured. The estimated fac-
tor loadings showed a relatively small bias for the second and third component,
and slightly higher average RMSE values. The higher-level sample size was
rather small, where just 100 higher-level units were considered, which explai-
ned the increased RMSE. The sample size for the lower-level parameters was
2, 000, which led to accurately estimated item parameters.

In Figure 6.1, the estimated factor loadings of one replication is plotted
against the true simulated values for the three-dimensional HIRT model. In
each subplot the thirty estimated factor loadings of one component are plotted.
It can be seen that just small deviations can be identified between the true and
estimated values due to the relatively small number of higher-level units. The
deviations do not differ across the dimensions and it was concluded that the
parameter estimates are close to the identity line indicating that the parameter
recovery was adequate.
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In Figure 6.2, the estimated higher-level factor scores are plotted against
the simulated values for the three-dimensional HIRT model. It can be seen that
the estimates of the factor scores are close to the true values and illustrates
that the retrieval of higher-level scores was accurate.

Without showing further results, a comparable simulation study was per-
formed for polytomous response data using three response categories. The
results of that study also showed an adequate parameter recovery.

Figure 6.1: Plots of simulated versus re-estimated factor loadings for the HIRT
model with three higher-level components.

Figure 6.2: Plots of simulated versus re-estimated higher-level factor scores
per dimension for the three-dimensional HIRT model.
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6.5 Sleep Quality Study

The data for this example was generously provided by the Netherlands In-
stitute for Neuroscience (NIN) and originates from a randomized controlled
trial study on the effectiveness of internet-supported cognitive behavioral and
chronobiological interventions and effect moderation by subtypes of insomnia
(Dekker et al., 2015). Data were obtained from 91 participants, who filled out
a diary about sleep quality every day for 11 weeks resulting in 77 observations
nested within the participants and a total number of 7, 007 observations. The
questionnaire was filled out in the evening two hours before heading to bed
and consists of 18 ordinal items with 7 response categories. The response
categories were labeled from ”1.very bad” to ”7.very good” with a low score
indicating more complaints connected with sleep quality and a high score in-
dicating that the participant felt better then usual. The response categories
”1.very bad” and ”2.bad” were collapsed due to the low number of responses
in the lowest category. In this analysis, the total of 5, 219 complete records
from 90 participants were used.

The two-dimensional HIRT model was fitted to examine the dimensionality
of the data by introducing higher-level components next to the lower-level la-
tent variable representing occasion-specific sleep quality. The estimated factor
loadings are presented in Table 6.2. The HIRT model was identified by restric-
ting item 2 to load only on the first dimension and item 5 only on the second
dimension. The sign of the factor loadings was defined in such a way that a
higher observed score corresponded to a higher factor score. The estimated
factor loadings are above .75, on one of the dimensions, which indicates that
both factors can be interpreted. At the lowest-level a measurement-specific
sleep quality score was estimated for each participant. From Table 6.2 it fol-
lows that at a higher-level two dimensions can be identified, where one dimen-
sion is labeled Wellbeing & Concentration and the other dimension Social &
Emotional. Apparently, the longitudinal sleep-quality measurements can be
represented by (at least) two dimensions, although only one dimension was
measured at the lowest level. For items 13 and 14, it can be seen that the
highly negative loadings on the first dimension indicate the presence of a third
dimension.

In Figure 6.3, the estimated standardized factor loadings are given for the
two-factor HIRT model. The standardization was reached by dividing each
loading by the average item loading for that item. It can be seen that the
items can be assigned to one of the dimensions with factor loadings close to
one. The estimated factor loadings of items 13 and 14 do not lead to a clear
assignment of the items to one of the dimensions.

Next, a three-dimensional HIRT model was estimated to investigate whe-
ther the headache and stomachache items represented a third dimension of
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Scale Items Two-dimensional HIRT model

Wellbeing & Concentration Comp. 1 Comp. 2
2 fysical wellbeing 1.00 0.00
1 fatigue 1.00 0.05
3 concentration and attention 1.00 0.00
4 memory 1.00 -0.04
7 sleepy 0.86 0.51
8 motivation 0.95 0.31
9 energy 0.99 -0.10
10 taking initiative 0.99 0.16
13 headache -0.82 0.57
14 stomachache -0.81 0.59
17 productivity 0.98 0.22
18 ability to stay awake 0.86 0.50

Social & Emotional Comp.1 Comp.2
5 social functioning 0.00 1.00
6 irritation -0.50 0.87
11 mistakes at work/traffic -0.40 0.92
12 tension -0.18 0.98
15 worry about sleep -0.26 0.97
16 mood 0.24 0.97

Table 6.2: Estimated weighted factor loadings under the two-dimensional HIRT
model.

quality of sleep. The items 2, 5 and 13 were restricted to identify the dimen-
sions. In Table 6.3, the standardized factor loadings of the three-dimensional
HIRT model are given. It can be seen that the dimension Wellbeing & Concen-
tration and the dimension Social & Emotional are again identified. The third
dimension labeled Physical discomfort is not totally supported by the data,
since the factor loading for item 14 on the third component does not exceed
the .75, and therefore, the dimension is not really interpretable as a separate
factor.

In Figure 6.4, the standardized item loadings are plotted for all three fac-
tors. It can be seen that item 13 and 14 load high on the third component, but
also high on the second component and low on the first component. On the
second component there is no clear distinction between the items 13 and 14
and the scores of the other items on the second component. It was concluded
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Figure 6.3: Estimated standardized factor loadings under the two-dimensional
HIRT model.

that the HIRT model with the two higher order components was preferable for
the sleep quality data.

The data support for multiple higher dimensions indicated that the instru-
ment can be used to measure a lower-level latent variable sleep quality, and
two higher-level dimensions. The dimensions were characterized by sympt-
oms related to the domain Wellbeing and Concentration and symptoms rela-
ted to the domain Social and Emotional. The dimensionality of the data did not
appear to change over repeated measurements. Instead multiple higher-order
dimensions explained the time-invariant structure of the repeated sleep quality
measurements.

6.6 Discussion

In longitudinal studies, constructs are repeatedly measured using questionnai-
res to evaluate change over time. Unidimensional constructs are usually me-
asured at each occasion, so they are nested within patients. Ideally, the aver-
age score across measurements represents the time-invariant patient score
of the studied phenomenon. However, questionnaires can be adapted during
follow-up, which compromises the validity of the instrument. The change of
a questionnaire to make it more efficient, reliable, or to reduce the response
burden, can also change the characteristics of the construct being measured.
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asured at each occasion, so they are nested within patients. Ideally, the aver-
age score across measurements represents the time-invariant patient score
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Scale Items Three-dimensional HIRT model

Wellbeing & Concentration Comp.1 Comp.2 Comp.3
2 physical wellbeing 1.00 0.00 0.00
1 fatigue 1.00 -0.02 0.01
3 concentration and attention 0.98 0.19 -0.05
4 memory 0.90 0.41 -0.13
7 sleepy 0.97 -0.23 0.10
9 energy 0.99 0.10 -0.08
10 taking initiative 0.92 0.39 -0.06
11 mistakes at work/traffic 0.91 0.32 0.27
12 tension 0.97 -0.17 0.18
15 worry about sleep 0.94 -0.31 0.17
16 mood 0.94 0.33 0.14
17 productivity 0.98 0.18 -0.00
18 ability to stay awake 0.98 -0.17 0.09

Social & Emotional Comp.1 Comp.2 Comp.3
5 social functioning 0.00 1.00 0.00
8 motivation 0.68 0.73 -0.09
6 irritation 0.41 0.83 0.36

Physical discomfort Comp.1 Comp.2 Comp.3
13 headache 0.00 0.00 1.00
14 stomachache -0.56 0.42 0.71

Table 6.3: Estimated weighted factor loadings for the three-dimensional HIRT
model

In that case, the longitudinally measured constructs cannot be directly compa-
red on a common scale. A HIRT model is proposed to model the deviations in
the measured construct over time using a higher-level multidimensional factor
structure. At the lower-level a measurement-specific unidimensional construct
is assumed to be measured and deviations in the measured construct over
time can be captured by the multidimensional component. It is shown that the
model parameters can be accurately estimated using the developed MCMC al-
gorithm for longitudinally observed binary or polytomous item response data.

When an incomplete study design is used, the total set of items change
over time and only a subset of common items is used at each occasion. By
adding or removing items, the questionnaire can represent a different charac-
terization of the measured construct, which can lead to incomparable mea-
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surements across time. The higher-level multidimensional component can de-
tect this change, when added items give support to an additional higher-level
factor or when removed items reduce support for a higher-level factor. For
example, the HIRT model can be used to test whether a shorter version of a
questionnaire has the same measurement properties compared to the longer
one, where the incomplete study design represents the change to a short test
version. Furthermore, a future application could be in linking sub-scales of
questionnaires that are hypothesized to measure the same construct. When
using the HIRT model, a hypothesized invariance assumption of the higher-
order structure over the different questionnaires can be tested.

When the same set of items are used at each occasion the higher-level
multidimensional component can identify the effects of the patient on the res-
ponses, while accounting for the lower-level measurement-specific compo-
nent. The multidimensional structure can partition the total set of items in
distinct subsets, where each subset represents a patient-specific part of the
studied phenomenon. As shown in the sleep quality study, the higher-level
multidimensional component can assess the dimensionality of the data. The
analysis of the diary data on sleep quality uncovered a higher-order factor
structure with two distinctive components that can be interpreted based on the
content of the items.

In the present study it was shown that with dimensional data the HIRT
model can offer insights in the behavior and properties of the repeatedly me-
asured construct. However, it can also be applied in other situations such as
students nested within classes, patients nested within hospitals etc. in order
to assess the dimensionality of the clustered data. The model can also be ap-
plied to repeatedly (digitally) administered questionnaires in different research
domains. There are different possibilities for using this model in applied situa-
tions, besides the one we showed in the data example.

In the HIRT model, the repeatedly measured construct was assumed to
have a constant mean across time. The multidimensional component was
included to identify deviations in the measured construct, for instance, due
to changes in the questionnaire. More research is needed to evaluate the
performance of the HIRT model to identify changes in the repeated measure-
ments, while also accounting for latent growth. Deviations in the measured
constructs can be caused by changes in the questionnaire but also by latent
growth. The higher-level multidimensional component needs to be extended
with higher-level growth factors describing the change in the measured con-
structs. Subsequently, changes in the higher-level dimensionality can identify
effects of changes in the questionnaire.

In the work of Jak et al. (2013), measurement invariance was tested by
fixing the discrimination parameter for one or more items. It would be interes-
ting to apply the HIRT model in this context without the need to fix the item pa-
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rameters. In the current formulation of the model it remains possible to test for
cross-level discrimination invariance for all items simultaneously. The Bayes
factor would be an excellent criterium to use for deciding on the measurement
variance.

In conclusion, the HIRT model is a promising model for the analysis of
longitudinal data where the latent construct is not strictly unidimensional. The
higher level dimensionality of the data can be accounted for and investigated
by using the HIRT model.
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140 Discussion

In most longitudinal epidemiological and medical research where the out-
come variable is measured with a questionnaire, CTT is used as a measure-
ment model. With CTT, sum scores are calculated and used as scale scores
in the structural model to investigate relationships or estimate effects. In this
thesis, we show that using CTT instead of IRT leads to bias in the parameter
estimates of the structural model. Different longitudinal data situations that
are common in epidemiological and medical research were addressed using
simulation studies to show the magnitude of the bias in the effect estimates.
Also, the differences are illustrated in applications using data from real life epi-
demiological and medical studies including randomized controlled trials and
longitudinal cohort studies. In addition, a higher order IRT model was propo-
sed with an application in a longitudinal setting.

The discussion is divided into two parts. First, the main findings and con-
clusions of the chapters 2 to 6 are reviewed. A brief overview of the research
is given along with the implications for longitudinal questionnaire data analy-
sis in the epidemiological and medical research practice. In the second part,
future research directions are presented.

7.1 Main findings and implications

The objective of this dissertation was to show the consequences of using CTT
(sum scores) in longitudinal questionnaire data analysis compared to using
IRT. The starting point was to design a method for comparing the results of IRT
and sum score based estimates. Chapter 2 describes the method that was de-
veloped and explains in detail the procedure for the comparison. For both IRT
and CTT, draws from their posterior distributions (plausible values) are used
and subsequently rescaled to enable direct comparisons of the structural mo-
del parameters. The bias in the variance estimates for different simulated
conditions was estimated for both IRT and CTT based estimates. Across the
conditions, the influence of variations in skewness of the data, number of pa-
tients in the sample and length of the questionnaires was investigated in a full
cross classified design. It was shown that the CTT based variance parameter
estimates were more biased compared to the IRT based variance parameter
estimates of a longitudinal model. The CTT based level-1 variance estimates
were systematically overestimated and the level-2 variance estimates were
systematically underestimated.

Using the method for comparing IRT and CTT described in Chapter 2, we
investigated several common epidemiological research situations. In Chapter
3, the difference between IRT and CTT modeling was explored in the first re-
search situation. Data resulting from a longitudinal cohort study design were
analyzed using latent growth modeling with linear and polynomial growth cur-
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ves. The simulation study in this chapter shows that the growth curves that
are estimated using CTT scores are severely biased whereas the IRT based
estimates show very little bias, which is in line with the results from Chapter
2. In latent growth modeling, the residual (within person) variance is overesti-
mated and the intercept and slope variance are underestimated when CTT
scores are used as can be read in Table 3.1 and 3.2. Furthermore, the re-
sults from the simulation study demonstrate a comparable pattern of results
over two simulation conditions with a different number of observations per pa-
tient. Next, two real life data examples were analyzed and the results were
compared between IRT and CTT based estimates.

A second research situation is described in Chapter 4. A longitudinal ran-
domized controlled trial is analyzed and the IRT and CTT based estimates
are compared. The Chapter starts with an empirical data example. Data was
obtained from a study out of the physical therapy practice in which a classifica-
tion model for different treatments of low back pain was investigated. Different
estimates were found depending on which measurement model (IRT or CTT)
was used to generate the patient’s scores on the low back pain scale. The si-
mulation study in the second part of Chapter 4 was based on the real-life data
example. This way, we were able to establish the direction and magnitude of
the bias in regression coefficients based on either IRT or CTT scores. The
results showed bias in the variance estimates, comparable to the bias that
was found in the variance estimates in Chapter 2 and 3. That is; the within
person (level-1) variance was overestimated when CTT scores were used.
Furthermore, the parameter estimates for the intervention effect as well as for
the random time effect were severely underestimated, when CTT scores were
used.

In Chapter 5, the comparison between IRT and CTT is extended to the
situation where item responses are missing. A novel imputation method was
developed to enable the direct comparison between latent growth analysis un-
der IRT and CTT, while including the missing item effects. The influence of
missingness at the item level of the data on the growth model parameter esti-
mates was examined under different missing data mechanisms, missing at
random (MAR) in simulation study I and II, and missing not at random (MNAR)
in simulation study III. The imputation method that was used for imputing the
missing items under CTT in the first simulation study (Predictive Mean Mat-
ching on the wide dataset) introduced more bias (Table 5.3 and 5.4) compared
to the novel CTT imputation method that was used in the latter two simulation
studies (Table 5.5 and 5.6). The main finding of Chapter 5 was that the use of
sum scores in combination with multiple imputation on the item scores leads to
severe bias in latent growth analysis results. By using the CTT scores, more of
the variance is attributed to the Level-2 variance, which makes it more difficult
to distinguish between scores of patients. The overestimation of the residual
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variance leads to an underestimation of the overall trend.
The research that is described in Chapter 2 through 5 use modeling proce-

dures that all assume unidimensionality of the lower-level constructs. In Chap-
ter 6, a higher order factor IRT model is presented for longitudinal data, where
this assumption is relaxed and higher level dimensionality can be investigated.
In a simulation study, the model proved to generate accurate retrieval of the
true parameters. Some of the possibilities of this model for the medical and
epidemiological research practice are described and illustrated using a real
life dataset. The model can be used for analyzing questionnaire data where
a higher order component explains part of the variance in factor loadings over
clusters.

To conclude, a wide range of different research situations has been explo-
red comparing IRT and CTT. Based on the results of the studies it is advised
that the measurement model of choice for generating scores is IRT. Effect esti-
mates based on CTT modeling can be severely biased.

7.2 Future research directions

The research presented in this dissertation shows that using IRT scores as de-
pendent outcomes leads to less biased results compared to CTT. Although the
comparisons that are described include a large variety of research situations,
it is possible to extend the research even further.

The comparisons that were described in Chapter 2, 4, and 3 were focused
on using plausible values for the outcome variables. It would be useful to
extend the comparison to the situation in which also explanatory variables
measured with questionnaires are included in the analysis. The comparisons
can be extended to include explanatory variables that consist of scores based
on either IRT or CTT modeling. The explanatory variables can be invariant
over time (time independent variable) or can vary over time (time dependent
variable). It would be interesting to study the estimates for these explanatory
variables in the structural model based on IRT and CTT.

In Chapter 3, some convergence issues were encountered when the mo-
del was extended include third and fourth order polynomials. These extensi-
ons could be investigated further in search for a solution for the convergence
issues that we faced during the estimation of the parameter.

In this dissertation, a major step has been made in comparing the IRT and
CTT measurement model for analyzing longitudinal questionnaire data. The
comparison could easily be extended to methods for investigating the proper-
ties of a questionnaire compared to a gold standard. For example, to investi-
gate the performance of a screening instrument for detecting disease specific
symptoms. The sensitivity and specificity based on IRT and CTT scores could
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be compared using the rescaled plausible values to construct ROC-curves. It
is to be expected that the IRT based ROC-curves will show better sensitivity
and specificity. Due to the larger variability in the IRT scores, a better cut-off
point can be determined compared to when using the CTT scores.

Unfortunately, the use of IRT scores in longitudinal models is still not often
applied in medical and epidemiological research. This despite the implemen-
tation of IRT modeling techniques in several different widely used commercial
statistical software packages such as gllamm in STATA (Zheng et al., 2007),
SAS (Olsbjerg and Christensen, 2018) and MPlus (Muthén and Asparouhov,
2013). In order to incorporate this research methodology into practice, there
might be a need for the development of more hands on manuals with tho-
rough explanation and practical examples of how to construct and use IRT
scores in longitudinal questionnaire data analysis. Furthermore, the longitu-
dinal IRT modeling techniques should become part of the longitudinal data
analysis courses for empirical researchers and research master students.
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APPENDIX

The CTT-Based Posterior Predictive Distribution of Item Respon-
ses

The object is to define the posterior predictive distribution for the item respon-
ses under the CTT model to define a multiple imputation method for the item
missingness. The CTT model is defined for aggregate data, and cannot be
used directly to define a model for the item responses. Therefore, a margi-
nal model is considered, where the true score is integrated out (see Equation
(5.9)).

The posterior predictive distribution of the latent response Zijk given the
remaining (K − 1) responses Zij(−k) can be derived from their multivariate
normal distribution. The covariance matrix Σ = IK + Jσ2

ϑ can be partitioned,
where Σ12 defines the covariance between the Zijk and the Zij(−k), and Σ11

and Σ22 is the variance and covariance matrix of Zijk and Zij(−k), respecti-
vely. Then, the posterior predictive distribution of the latent response is given
by,

Zijk | Zij(−k), µϑ,Σ ∼ N
(
µijk, σ

2
ijk

)
(7.1)

where

µijk = µϑ +Σ12Σ
−1
22

(
Zij(−k) − µϑ

)

= µϑ + σ2
ϑ1

t
K−1

(
IK−1 −

1K−11
t
K−1

1/σ2
ϑ +K − 1

)(
Zij(−k) − µϑ

)

= µϑ +

∑
l �=k σ

2
ϑ (Zijl − µϑ)

1 + (K − 1)σ2
ϑ

,

where the inverse of Σ and a partition of it can be found in (Fox, 2010, pp. 152).
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The variance σ2
ijk is equal to

σ2
ijk = Σ11 −Σ12Σ

−1
22 Σ

t
12

= 1 + σ2
ϑ − σ2

ϑ1
t
K−1

(
IK−1 −

1K−11
t
K−1

1/σ2
ϑ +K − 1

)
σ2
ϑ1

t
K−1

=
1 +Kσ2

ϑ

1 + (K − 1)σ2
ϑ

.

The posterior predictive distribution can be adjusted to account for a dif-
ferent mean structure. Let the latent variable distribution represent a latent
growth model (Equation (5.1)), then the posterior predictive distribution of the
latent response is given by Equation (7.1), where µϑ = β0i + β1itij . The
predicted response will take into account a linear trend in the latent variable
measurements.

The posterior predictive distribution of the latent response depends on the
covariance parameter σ2

ϑ. This parameter represents the covariance between
item responses, when not conditioning on the true score. The σ2

ϑ can be sam-
pled from its posterior distribution given the latent responses. To obtain the
posterior distribution of the covariance parameter, σ2

ϑ, consider the multivari-
ate distribution of the latent response data, which is given by

P (Zij = zij | µϑ,Σ) = (2π)
−K
2 |Σ−1|

1
2 exp

(
−1

2
(zij − µϑ)

tΣ−1 (zij − µϑ)

)

= (2π)
−K
2 |Σ−1|

1
2 exp

(
−1

2
Et

ij

(
IK −

1K1tK
1/σ2

ϑ +K

)
Eij

)

where the expression for inverse of the covariance matrix Σ is used. The sum
of squares in the exponent can be partitioned in two components, where one
component is the sufficient statistic for the covariance parameter. To see this,
the terms in the exponent are rearranged as follows,

Et
ij

(
IK −

1K1tK
1/σ2

ϑ +K

)
Eij =

∑
k

E2
ijk −

∑
k Eijk

∑
k Eijk

1/σ2
ϑ +K

=
∑
k

(
Eijk − Ēij

)2
+KĒ2

ij −
K2Ē2

ij

1/σ2
ϑ +K

=
∑
k

(
Eijk − Ēij

)2
+KĒ2

ij

(
1− K

1/σ2
ϑ +K

)

=
∑
k

(
Eijk − Ēij

)2
+

KĒ2
ij

1 + σ2
ϑK

.

The second component on the right-hand side, SBij = KĒ2
ij , represents the

sum of squares which contains the information about σ2
ϑ. The term

∑
i,j Ē

2
ij
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+KĒ2

ij −
K2Ē2
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is chi-square distributed, since the average error term Ēij is independently
normally distributed across persons and occasions. It follows that posterior
distribution of λ = 1/K + σ2

ϑ is given by

p (λ | z) ∝
(
1/K + σ2

ϑ

)NJ−1
2 exp

(
−

∑
i,j Ē

2
ij

2
(
1/K + σ2

ϑ

)
)
, (7.2)

using an uninformative prior

p (λ) ∝
(
1/K + σ2

ϑ

)−1
.

The covariance parameter is restricted to be greater than −1/K, σ2
ϑ ≥ −1/K,

since the term 1/K + σ2
ϑ is restricted to be positive. The posterior distribution

of λ in Equation (7.2) can be recognized as an inverse-gamma with shape
parameter NJ/2 and rate parameter SB/2 =

∑
i,j Ē

2
ij/2. A draw of σ2

ϑ can be
obtained by drawing λ ∼ p (λ | z) and subtracting 1/K from the drawn value.
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Summary

This dissertation deals with the comparison of two different measurement mo-
dels for calculating scores for patients that respond to questions of multi-item
questionnaires on multiple measurement occasions. Two measurement mo-
dels are compared: Classical Test Theory (sum-scores) and Item Response
Theory (latent variable scores). The aim of the current project was to compare
the two scoring methods and their influence on the parameter estimates of the
longitudinal model (structural model). The general idea behind the compari-
son is that the way scores are constructed influences the parameter estimates.
By using the CTT model, part of the variance that is available in the patient’s
response pattern will be lost due to the aggregation of the item scores into a
sum score. When IRT is used, the variance in the response patterns is fully
utilized, and consequently, the structural model parameter estimates will be
more accurate. In the current dissertation, different scenarios are investiga-
ted where the differences between the IRT and CTT based score construction
for questionnaires are shown in terms of bias of the regression coefficients of
longitudinal models.

The first challenge that needed to be addressed was a scaling issue. A
method was developed to enable the comparison of results from both mea-
surement models. In Chapter 2, this method is described. The general idea
is to use rescaled plausible values as construct scores to enable the direct
comparison of the structural longitudinal model parameter estimates. A first
simulation study is presented in which the number of items, sample size, and
the distribution of the outcome variable was varied over 273 different simulation
conditions. Data was simulated for 6 measurement occasions. The retrieval
of the simulated variance components was evaluated by comparing the esti-
mates to the true values. It was found that over all conditions, IRT performs
much better in retrieving the true parameter values of the structural model.
The differences between the performance of the IRT and CTT model become
gradually larger with the increasing skewness of the scores. The results show
that using sum scores leads to a consequent overestimation of the within per-
son variance (error variance) and an underestimation of the between person
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variance.
The comparisons from Chapter 2 are limited in the sense that they only

take into account the clustering in the data, while in longitudinal research of-
ten time effects are of interest. In epidemiological research, observational
cohort studies are frequently used to study the development of patient’s traits
over time. Repeatedly administered questionnaires are used to measure latent
(not directly observed) health constructs (e.g. coping with diseases, depres-
sion, anxiety). To model the longitudinal development of latent construct, often
a linear trend is to simplistic because non-linear individual trajectories are pre-
sent in the data. In Chapter 3, the comparison was extended to latent growth
models (LGM) with second order growth effects. In a simulation study and
two extensively described real life data examples, it was shown that when IRT
was used to estimate the individual trajectories, a more detailed description of
individual change over time resulted from the analysis. The response patterns
contain more information compared to the sum scores and this impacts the
bias in the parameter estimates of the latent growth model.

In medical research, studies are frequently designed as randomized con-
trolled trials (RCTs) and the primary interest of the study is to investigate whe-
ther an intervention or a drug has an effect on the outcome variable. The
outcome variable is often a patient reported outcome (PRO) and measured
using a questionnaire. In practice, sum scores are mostly used, despite the
loss of variance. In Chapter 4, the negative effects of using sum scores in
RCTs is demonstrated. Using an empirical dataset from a RCT on low back
pain treatment, the effects are calculated using IRT scores as well as sum
scores. The plausible value method for comparing the parameter estimates of
the structural model was extended to incorporate a linear slope and interac-
tion effects. Based on the empirical study, a simulation study was performed
showing the direction and magnitude of the bias in the parameter estimates.
The study showed that the bias in RCT results is conditional on the measure-
ment model that was used for score construction. The bias in the trend esti-
mate resulting from using CTT scores, showed a bias of around one standard
deviation. When the IRT scores were used, the parameters of the structural
model showed negligible bias.

Thus far, all comparisons were made using complete datasets. In Chap-
ter 5, the comparison is extended to the situation where item responses are
missing. Comparisons are made between IRT and CTT modeling in several
missing data situations. In three simulation studies, the effect of missingness
on the differences between IRT and CTT modeling was investigated in seve-
ral different missing data conditions using various CTT imputation techniques.
The results from the study show that the parameter estimates for the latent
growth model using IRT show less bias compared to the estimates using sum
scores.
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The comparisons that were presented in Chapter 2 through 5 all assume
unidimensionality of the lower-level construct. In Chapter 6, a multivariate mul-
tilevel IRT (HIRT) model is proposed for constructs that are measured multiple
times. The constructs are allowed to correlate at the cluster-level (patient-
level). At the highest level, a multivariate component is assumed that accounts
for the time-invariant effects of the patient that is measured over time. The
HIRT model can be applied when the lower-level unidimensionality assump-
tion is insufficient. It can be used to investigate the higher-level dimensionality
when for example, a subset of items is administered over time or when adapta-
tions of the questionnaire over time influences the dimensionality of the data.

To conclude, when it comes to calculating scores for patients based on
their responses to the items of a questionnaire, IRT modeling is preferred over
CTT modeling. A broad range of simulation studies and applied data examples
were presented in which using the CTT scores to estimate the parameters of
a longitudinal model led to substantial bias. For future research it is important
to take into account the bias that is associated with using sum scores as a
measure for latent constructs when analyzing longitudinal questionnaire data.





Samenvatting
Dutch Summary

Deze dissertatie behandelt de vergelijking van twee verschillende meetmo-
dellen die kunnen worden gebruikt voor het berekenen van patiënt scores op
basis van vragenlijstgegevens die zijn verzameld over meerdere meetmomen-
ten. De twee meetmodellen die zijn vergeleken zijn de klassieke test theorie
(CTT; het gebruik van som scores) en item respons theorie (IRT; het gebruik
van latente variabele scores). Het doel van het onderzoek was steeds om de
twee verschillende methoden te vergelijken. Deze vergelijking wordt gemaakt
door de parameter schattingen van de structurele modellen gebaseerd op de
scores berekend met de verschillende meetmodellen direct met elkaar te ver-
gelijken. De rationale bij deze vergelijking is dat de manier waarop de scores
tot stand zijn gekomen, invloed heeft op de uiteindelijke schattingen van het
model waarmee de hypothesen worden getoetst.

Wanneer totaal scores worden gebruikt gaat een deel van de geobser-
veerde variantie die aanwezig is in het respons patroon van de patiënt ver-
loren. De item scores worden hier immers geaggregeerd in een som score.
Wanneer IRT wordt toegepast voor de calculatie van de scores wordt alle be-
schikbare variantie meegenomen om tot de schaalscore te komen, met als
resultaat dat de uiteindelijke parameter schattingen accurater zijn. In deze dis-
sertatie worden verschillende scenario’s die zich regelmatig voordoen in we-
tenschappelijk onderzoek uitgewerkt waarbij steeds nadrukkelijk de verschil-
len tussen het gebruik van IRT en CTT worden uitgelicht. Deze verschillen
worden uitgedrukt in termen van de gevonden afwijking van de ware waarde
van de coëfficiënten van longitudinale modellen.

De eerste horde die genomen moest worden voordat de vergelijking tus-
sen IRT en CTT kon worden gemaakt was dat er een methode ontwikkeld
moest worden om de scores gebaseerd op de twee meetmodellen, die op
een andere schaal liggen, te kunnen vergelijken. In Hoofdstuk 2 wordt deze
methode beschreven. De methode die is ontwikkeld bestaat uit het idee om
gebruik te maken van plausible values met een schaaltransformatie. Door de

169



170
Samenvatting

Dutch Summary

plausible values te transformeren naar dezelfde schaal kunnen we de parame-
ter schattingen van het structurele model direct met elkaar vergelijken. In de
eerste simulatie studie zoals beschreven in Hoofdstuk 2 wordt het gebruik van
IRT en som scores vergeleken. In deze studie zijn 273 verschillende condities
uitgewerkt en onderzocht. Deze condities variëren in het aantal items dat een
vragenlijst telt, de grootte van de steekproef en de verdeling van de scores.
De data is zo gesimuleerd dat de vragenlijst is afgenomen op 6 verschillende
meetmomenten. Uit de resultaten van deze studie is gebleken dat, over alle
condities van het experiment, het gebruik van IRT scores leidt tot een betere
schatting van de parameters dan wanneer totaal scores worden gebruikt. Ook
worden de verschillen tussen de IRT en de CTT schattingen gradueel groter
met de toenemende afwijking van normaliteit van de scores. Verder laat deze
studie zien dat het gebruik van totaal scores tot een consequente overschat-
ting van de binnen persoonsvariantie (residuele variantie) en onderschatting
van de tussenpersoons variantie leidt.

De vergelijking zoals beschreven in het tweede Hoofdstuk kent haar gren-
zen, in die zin dat er enkel rekening is gehouden met het longitudinale karakter
van de data door de variantie te splitsen in een binnen- en een tussenpersoons
deel, zonder verder te kijken naar eventuele andere invloeden in de data. Hier-
bij kan worden gedacht aan bijvoorbeeld de ontwikkeling van de scores over
de tijd (toe- of afname) of het effect van een interventie. Het onderzoek dat
wordt beschreven in Hoofdstuk 3 en 4 gaat een stap verder en bekijkt de effec-
ten van het gebruik van IRT en CTT scores op het schatten van groei curves
en interventie effecten.

In epidemiologisch onderzoek wordt de ontwikkeling van de kenmerken
van patiënten over tijd vaak bestudeerd door middel van cohort studies. Niet
zelden kunnen gezondheid constructen (bv. het omgaan met ziekte, depres-
sieve symptomen, angstklachten) enkel indirect worden geobserveerd (latente
variabelen) en is men aangewezen op het gebruik van vragenlijsten. Vaak is
een eenvoudige lineaire trend ontoereikend om de complexiteit van de ontwik-
keling van deze constructen over tijd adequaat te kunnen modelleren. Vandaar
dat in Hoofdstuk 3 de vergelijking wordt uitgebreid naar latente groei modellen
(LGM) waarbij ook niet-lineaire groei kan worden gemodelleerd. Met behulp
van een simulatie studie en twee uitgebreid beschreven datavoorbeelden uit
de praktijk wordt aangetoond dat onder IRT een meer gedetailleerde beschrij-
ving van de individuele trajecten en verandering over tijd kan worden bereikt
dan wanneer som scores worden gebruikt. De antwoord patronen van de pati-
ënten bevatten een rijkheid aan informatie die onbenut wordt gelaten wanneer
antwoorden worden opgeteld tot een som score. Deze verarming van informa-
tie leidt tot de toename van fouten die zijn gevonden bij het schatten van de
parameters van het groei model op basis van de som scores. Wanneer IRT
scores worden gebruikt blijft de variantie behouden en kunnen de groei curves
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wel accuraat worden geschat.
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nivo). Op het hoogste nivo wordt een multivariate component verondersteld
waardoor rekening wordt gehouden met de tijdsonafhankelijke effecten van
de patiënt die over de tijd is gemeten. Het HIRT model kan worden toege-
past wanneer de assumptie van unidimensionaliteit op het lagere nivo niet
afdoende is. Het HIRT model kan bijvoorbeeld worden ingezet om de dimen-
sionaliteit op een hoger nivo te onderzoeken wanneer over de tijd slechts een
subset van de items is gebruikt. Een andere toepassing kan zijn wanneer
aanpassingen van de vragenlijst over tijd de dimensionaliteit van de data be-
ïnvloeden.

Alles samengenomen kan worden geconcludeerd dat het gebruik van IRT
te prefereren is boven het gebruik van CTT wanneer men scores wil bere-
kenen voor vragenlijsten die herhaaldelijk bij patiënten zijn afgenomen. Dit
blijkt steeds opnieuw uit de diverse simulatie studies en data voorbeelden uit
de praktijk die zijn beschreven in deze dissertatie. Het gebruik van de som
scores voor het schatten van de parameters van longitudinale modellen leidt
consequent tot substantiële vertekening van de resultaten. Daarom is het be-
langrijk voor toekomstig onderzoek om rekening te houden met de vertekening
als gevolg van het gebruik van som scores voor constructen die zijn gemeten
met herhaaldelijk afgenomen vragenlijsten.
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